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Abstract
The aim of this paper is to assess horizontal inequity (HI) caused by the introduction of a (semi-) dual
structure for the Spanish personal income tax (PIT), adopting a copula function-based measurement
framework. Following Bø et al. (2012), we estimate the Clayton, Frank and Gumbel copulas, belonging
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with the previous tax design applied in 2006. In order to identify possible anticipation and adaptation
effects, the analysis covers the 2004-2010 period. This research employs microdata from the Spanish
PIT Return Panel. Results reveal two effects of the reform on the HI working in opposite directions:
while the partition of the taxable income into two bases (one is taxed at ˜at rate) increases the HI, the
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1. Introduction
Inspired by Nordic tax reforms in the early nineties, the vast majority of developed
countries (and many developing countries) have gradually replaced their “synthetic” personal income taxes (PIT) with others with an explicit dual structure. The “pure” (or Nordic)
version of dual income tax (DIT) represents a particular approach to achieve a compromise
between labour and capital income taxation by means of two differentiated tax bases (Boadway, 2004). In a DIT design, labour income is taxed according to a progressive schedule,
while capital income is taxed at a uniform proportional rate equal to the lowest marginal tax
rate on labour income1. DIT was created in the Nordic countries in the early 1990s. Although
Denmark abandoned the system in 1994, in 1987 it became the frst country to apply it, followed by Sweden in 1991, Norway in 1992 and Finland in 1993. Since then, many countries
have implemented tax reforms adopting a DIT, more or less akin to the pure model. Some
examples are Belgium (1993), Austria (1994), The Netherlands (2001), Germany (2002) or
Spain (2007)2.
Public fnance literature states grounds on both effciency and equity to recommend this
dual model. In this regard, the Mirrlees Review considers DIT as a key issue in the current
debate on personal income tax reforms (Griffth et al., 2010; and Crawford and Freedman,
2010). Other authors (i.e. Boadway, 2004) add that DIT would discourage fscal planning or
tax avoidance. DIT allows to apply a different progressivity degree on labour and capital income tax bases, this is the source of many of the advantages of this structure. Diamond (2007),
based on the theory of optimal taxation, argues that the adaptation of the Atkinson-Stiglitz
theorem (Atkinson and Stiglitz, 1976) to an intertemporal utility framework, where present and
future consumption are separable from leisure, provides evidence to support that capital income should not be taxed. In this respect, DIT constitutes a reasonable and useful compromise
solution between two alternative visions of personal income taxation: comprehensive income
taxation, where labour and capital income are taxed at the same marginal tax rates, and personal expenditure taxation, where capital income is not taxed at all (Boadway, 2011)3.
Regarding distributive justice, the issue is more complex and has attracted less attention
in literature. In terms of vertical equity (VE), progressivity depends not only on the tax rate
schedule but also on the share that each base represents on the total tax base, since they are
respectively progressively and proportionally taxed (Lambert and Thoresen, 2012; LópezLaborda, 2006). For Spanish personal income tax (IRPF in its Spanish acronym), Díaz-Caro
et al. (2013) showed that the dual model that came into force in 2007 resulted in a notable
increase in global progressivity (3.8 per cent) compared with the previous model applied in
2006. Apart from the introduction of a fat tax rate for savings income and capital gains from
asset transfers (in addition to the progressive schedule applied to the remaining incomes),
this reform also included changes to the treatment of personal and familiar circumstances,
where allowances were converted into tax credits4.
Focusing on horizontal equity (HE), the introduction of DIT would be at odds with the
traditional principle of taxation with respect to the equal treatment of equals, initially gua-
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ranteed by the comprehensive taxation approach. It is well known that HE is typically considered a pacifc principle in tax system design (Shoup, 1969), although it has been found to
be far from being widespread in the real world of comparative tax systems5. However, we
think that HE is one of the most important commands of tax design. HE is especially relevant
for tax evaluation, not only because of its indisputable effects on distributive justice, but also
due to its implications on voluntary tax compliance and tax morale as a whole6. Therefore,
the achievement of HE should be considered as one of the key objectives to take into account
when designing PIT. Likewise, as suggested by Auerbach and Hassett (2002) and Dardanoni
and Lambert (2001), the relevance of HE from an academic point of view should be at the
heart of the public and political debate on tax reform processes.
Consequently, we think it is worth analysing how DIT may infuence HE insofar as both
components of the ability to pay are taxed at different intensity. Furthermore, as Sørensen
(1994:73) notes, the biggest problem associated with DIT is the incentive to shift income
between the two tax bases7. This problem leads to greater HI, since taxpayers with the same
income could be taxed differently depending on their real tax planning and avoidance opportunities.
In order to accurately measure HI in DIT, we frst need to have a clear and precise defnition of the meaning of HI within PIT. But literature has not yet reached a consensus on this
point. In fact, it is common to fnd different defnitions and interpretations of the HE depending on whether it is a theoretical or quantitative approach. In our opinion, using a consistent
measurement methodology that includes the key aspects laying behind the conventional
notion of HE, namely, the equal treatment of equals, is the best way to successfully overcome
these clashing interpretations.
In this sense, Dardanoni and Lambert (2001) (DL hereinafter) argue for an attractive
concept of HE measurement based on the intensity of unequal tax treatment, a key issue not
incorporated in the traditional approaches based on classical notion of the similar treatment
or on the reranking produced.
The aim of this paper is to compare the HI caused by the introduction in Spain, in 2007,
of a (semi-) dual income tax system, with the HI generated by the previous design applied
until 2006, closer to a synthetic income tax system. For this purpose, we adopt the copulafunctions-based framework proposed by DL (2001) to measure HI, but using the parametric
approach proposed by Bø et al. (2012) to estimate Clayton, Frank and Gumbel copulas,
belonging to the Archimedean class. In order to identify possible tax reform’s anticipation
and adaptation effects, our analysis is spread over the period 2004 to 2010. For the empirical
analysis, microdata from the Spanish Personal Income Tax Return Panel (disseminated by
the Spanish Institute of Fiscal Studies, IEF) has been used.
The paper is organized as follows. Section 2 describes the different treatments afforded
by the Spanish DIT to diverse sources of income, focusing on their foreseeable impact upon
HI. Section 3 outlines the theoretical framework adopted, including the copula functions

84

carlos díaz-caro and jorge onrubia

estimation methodology, as well as the HI indices derived from them. Section 4 describes the
micro database used and reports the results obtained from empirical analysis. Section 5 concludes the paper.

2. Spanish dual income tax and horizontal equity
Given its structure with two different tax schedules -usually, a fat rate for capital income
and a progressive schedule for labour income-, the use of DIT structure cannot be expected
to lead to perfect HE. Moreover, the possibility of shifting capital income from labour income for tax planning purposes, and the ensuing behavioural reactions, would also have a
negative impact on HE. Nevertheless, these authors suggest that these distortions may not
have such a substantial effect upon HE. Even so, we should not overlook the implications of
tax avoidance and evasion for HE, despite the fact that their impact is not always easy to
measure.
The tax reform passed in 2006 (Law 35/2006, in force 2007) represents a clear commitment to adopt a dual structure for the Spanish PIT, although, as explained below, it was not
a pure dual system, if we take into account all the characteristics that were usually present
in the dual tax designs of the 1990s in the Nordic countries. Following the commonly used
terminology, we can refer to it as a semi-dual income tax8. We can affrm that this has been
the most important reform experienced by the income tax, at least since the Law 40/1998 (in
force since 1999) was passed, when most personal and family tax credits were converted into
tax allowances.
Accordingly, Spanish PIT levied since 2007 contains two different tax bases: the socalled “general base” taxed applying a progressive schedule; and the so-called “savings
base” originally taxed at a fat rate of 18%9. Notice, however, that until 2006, Spanish PIT
was not, strictly speaking, a “synthetic” PIT, inasmuch as the net capital gains from assets
held for a period longer than one year were taxed separately at a proportional rate of
15%10.
Worthy of note, as we have said, is the fact the income segmentation in both bases does
not correspond to a strict separation by labour and capital sources, as is the case with the
“pure” DIT model. In this respect, the savings tax base of the 2007 Spanish PIT does not
include all capital incomes. Specifcally, the general tax base includes non-fnancial capital
income, income from real estate and capital gains from competitions, games and gambling,
together with labour income and business and professional income. Besides, this reform introduced an exemption of 1,500 euro for dividends, whereas it did away with the dividend
imputation with tax credit-imputation system in force since 1995.
Along with non-fnancial capital and real estate incomes not included in the savings
base, the other most relevant difference related to the composition of the two taxable
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bases is the treatment given to self-employed and non-corporate business activities incomes. According to their mixed nature, in “pure” dual system, these incomes are divided into two components: the wage compensation of self-employed; and the entrepreneur or professional investment return. Instead, in Spanish IRPF of 2007, both
components are fully included in the general base, without any distinction, and therefore
taxed progressively. It should also be noted that self-employed or small business owners
have the option of calculating the taxable proft of their activity by means of a modulebased objective estimation system, which leads to include in the taxable base an amount
that is generally lower than the one which would have been included if direct assessment
based on accounting had been chosen. Although the integration of these mixed income
in the general tax base would, in principle, mitigate HI, the underestimation of taxable
income caused by the application of the aforementioned objective estimation method is
expected to operate in the opposite direction. However, this option was already in force
before the reform.
Although not related to the adoption of the dual system, the transformation of most
personal and family allowances into non-refundable tax credits, returning to the pre-1999
PIT model, is another tax reform’s relevant aspect for our HI analysis. Although defned as
allowances in the new tax code, since 2007 they actually work like tax credits, inasmuch as
they are calculated by applying the general tax schedule to cumulative amounts known as
“personal and family minimums”. Despite the progressivity of this schedule, the breadth of
the frst bracket assures the application of the lowest marginal tax rate for almost all taxpayers11. Regarding the previous PIT, this change will lead to decreased HI, insofar as the previous application to the base of the personal and family exemptions was more benefcial for
high-income taxpayers, whereas almost all taxpayers will obtain the same tax savings after
the reform12.
Tables 1 and 2 outline the designs of Spanish PIT for 2006 and 2007, the years before
and after the DIT reform.
It is likely that all these changes to the confguration of Spanish PIT led to a reorganization of the general and savings tax bases for income taxpayers, with the consequent impact on tax liabilities. For example, the source of income results in different tax
burdens depending on the income category (labour earnings, business profts, rents, fnancial revenues or capital gains) and their respective tax treatment. In principle, this
violates the HE principle, insofar as two taxpayers with the same income but different
income compositions face different tax burdens, despite having both the same ability to
pay. Note also that it provides incentives for taxpayers to move their income around
between categories in order to reduce their tax bills. However, not all taxpayers will have
the same tax planning opportunities. This will depend on whether the taxpayer has income-generating options. Thus, it would appear to be easier for self-employed, investors
and even top executives than for wage earners, as the results obtained by López-Laborda
et al. (2018) corroborate. Of course, such behavioural changes induced by asymmetric
tax treatment will also have an impact on HI.
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Table 1
STRUCTURE OF SPANISH PIT (2006 AND 2007)
Concepts

Computation of gross
income

Reductions (applied for
calculating incomes)

Income classiÿcation
(applied for calculating
adjusted gross income and
taxable income)

2006 Spanish PIT

2007 Spanish PIT

Different types of incomes: labour income, income from savings, selfemployment income and business income, received compensatory pensions
to ex-spouses, rental income, imputed income for non-rented houses,
income attributions, and capital gains and losses
Rental income deduction and
irregular incomes reduction

Earned income deduction, rental
income deduction and irregular
incomes reduction

General part: Labour income,
income from savings, selfemployment income, compensatory
pensions to ex-spouses, rental
income, imputed income for nonrented houses, income attributions,
and capital gains and losses ˛1 year

General part: Labour income, selfemployment income, compensatory
pensions to ex-spouses, rental
income, imputed income for nonrented houses, income attributions,
and capital gains and losses

Special part: Capital gains and
losses > 1 year

Savings part: Income from savings,
and capital gains and losses

Adjusted gross income

Sum of incomes minus personal and
descendant allowances

Sum of incomes

Taxable income

Adjusted gross income minus
earned income deduction,
ascendant, age and disability
allowances, compensatory pensions
paid to ex-spouses and pension
schemes allowances

Taxable income minus allowances
for joint taxation, compensatory
pensions paid to ex-spouses and
pension schemes allowances

Results of applying respectively the
general and special schedule to
general and special taxable income

Results of applying respectively the
general and savings schedule to the
general and savings taxable income,
minus the result of applying tax
schedules to the sum of personal
and family allowances

Gross tax liability

The general and special (savings) schedules are divided into state and
regional parts
Final tax liability
Refundable tax credits

Gross tax liability minus state and regional tax credits
For maternity (applying to working
mothers)

Source: Onrubia et al. (2014) and own elaboration.

For maternity and childbirth
(applying to working mothers)

Concepts

2006 PIT

2007 PIT

40%

40%

Reduction far earued income

2,400 -3,500

2,600-4,000

Increment far disability

Reduction far irregular incomes

+2,800 /+6,200

+2,800 /+6,200

Late retirement and geographical
mobility

+100% far either concept

+100% far either concept

Renta! income deduction (far landlord)

60%

60%/-100%

3,400

5,050

Personal allowances
General
Single-parent farnily
Joint taxation
Increment far age

5,550
6,800
+800 /+ 1,800

Allowance far joint taxation
Single-parent farnily
Married couples

+900 /+ 2,000
3,400ª
2,150ª

Descendants allowances

1,400 / 2,300

1,800 / 4,100

Increment far age

+1,200 per child < 3 years

+2,200 < 3 years

Ascendant allowances

800 / 1,800

900/ 2,000

Disability allowances

2,000 / 7,000

2,270 / 9,170

15% - 24% - 28% - 37% - 45%

24% - 28% - 37% - 43%

8,000 / 24,250

10,000 / 12,500
30% / 50% (b+c)

General tax schedules (State +
Autonomous Community)
Limits far pension scheme reductions
Tax rate far special or savings base
Tax credit on housing investment
Tax credit far maternity
Tax credit far childbirth or adoption

15%

18%

15%/25%

15%

100 per month (from birth to
3 years-old)

100 per month (from birth to
3 years-old)
2,500 per child
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that violation of the HE principle is measured accurately. The literature does indeed offer an
extensive list of measures, almost all of which are built on the basis of this undisputable and
intuitive idea. It was Feldstein (1976:83) the one who made perhaps the most signifcant
conceptual contribution with respect to measurement, from a welfarist approach: “if two
individuals are equally well off (have the same utility level) in the absence of taxation, they
should also be equally well off if there is a tax” and then “the introduction of a tax should
not alter the ordering of individuals by utility level”. Consequently, there should be a perfect
positive association between the distributions of pre- and post-tax income. Accordingly, the
dissociation between the two distributions would be a sign of HI. However, it is not easy to
implement this notion into practice. As Jenkins (1988) warns: “How should differential treatment which has some equity justifcation be distinguished from that which does not?”.

3.1. Traditional HE approaches
Initially, Atkinson (1980) and Plotnick (1981) proposed reranking-based measures as a
way to identify a non-perfect association between pre- and post-tax income distributions.
This “reranking approach” was inspired by the abovementioned concept of EH proposed by
Feldstein (1976). Later, King (1983), Cowell (1985) and Jenkins (1988) developed other
statistical measures based on the same concept. Since its appearance, the requirement of rank
preservation received criticism, since it was easy to fnd examples of tax treatments considered as horizontally unfair that did not cause reranking, and vice versa (Jenkins and Lambert, 1999).
The “classical” similarity-based defnition of HE underlies the second approach. Thus,
PIT meets the HE criterion if “taxes bear similarly upon all people in similar circumstances”
(Simons, 1950) or, alternatively, “all taxpayers in equal positions are treated equally” regarding income distribution (Kaplow, 1989). According to this approach, HI measurement involves singling out the variability existing across tax liabilities of individuals who have
similar pre-tax incomes. Berliant and Strauss (1983), Aronson et al. (1994), Lambert and
Ramos (1997a,b) and Duclos and Lambert (2000) made the most outstanding contributions
to this classical approach13.
Duclos et al. (2003) proposed an interesting alternative whose conceptual framework
integrates the above two -reranking and classical- approaches. Its measures combine reranking indices to identify groups with similar levels of income. These measures are defned and
calculated using both parametric and non-parametric techniques.
However, neither of these two approaches is exempt from criticism. The approach of
measuring HI by altering the reranking will not work if, despite changes to the utility of
similar individuals, there is no after-tax income reranking. Meanwhile the interpretation of
the classical approach espousing the equal treatment of similar individuals may also be troublesome. This is especially applicable if the dispersion of average effective tax rates is not
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suffcient to conclude that there is unequal treatment, even if reranking does take place.
Another common criticism of this approach is that the determination of the criteria for similarity is subjective. In this regard, the adoption of non-parametric methods (like kernel-based
techniques) for similar-partition group selection can be considered as a possible solution to
the alternative of establishing ad hoc income brackets, although it lacks a sound economic
argument14.
In Spain, different measures from the above approaches have been applied to analyse
earlier Spanish personal income tax designs applied during the 1980s and 1990s. Worthy of
note are papers by Camarero et al. (1993), Pazos et al. (1995), Moreno (1996), Perrote
(2007) and Gallego et al. (2012).

3.2. Measuring HI through copula functions
DL (2001) identify the vertical equity of a tax system (VE) with the progressivity that
would be necessary to achieve a certain income distribution, whilst the HE would be the way
in which this distribution is reached. In accordance with this view, these authors raise an
alternative notion of ‘purity’ (their italics) in the HI measurement based on the intensity of
unequal tax treatment, as they highlight, a key tenet not incorporated neither in the classical
notion of the equal treatment to equals, nor in the reranking approach.
Starting from the idea that the income tax system j can be fully defned as the joint
distribution of pre- (x) and post-tax income (y), Hj = (x,y): R×R → [0,1], which shows the
share of tax units having pre- and post-tax incomes less than or equal x and y respectively,
DL (2001) identify the HI with the “degree of association” between the standards of life
refected by the pre-tax and post-tax income distributions15. According to these authors, a
positive association between x and y in Hj should be consistent with the preferences of a
social decision-maker concerned about social welfare, respecting HE properties related to
non-reranking, equal treatment of equals, and intensity of unequal treatment.
The focus of their concept in the measurement of HI, as they point out, “renders it
independent of the metric for living standards and also of the tax system’s vertical performance”. In order to evaluate this new conception of HI, they propose the following two
axioms, which should be respected by any measure built according to their notion. Both
axioms, apart from being supported by the non-reranking idea, are inspired by the classical
notion of HE.
Axiom 1 (DL, 2001): HI is the same in the joint distribution H(x,y): R×R → [0,1] as it
is in the joint distribution H(u(x),u(y)), being u(∙): R → R any strictly increasing function.
This frst axiom ensures that the defnition of HI is invariant to changes in the units of
measurement chosen, including those used to refect living standards. It must be considered
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that classical measures based on equal treatment (as proposed in Aronson et al., 1994, Lambert and Ramos, 1997b or Duclos and Lambert, 2000) violate this property, since they depend on the pre-tax equals groups initially established. Instead, the transformation u(∙) preserves pre-tax groups.
Axiom 2 (DL, 2001): HI is the same in the joint distribution H(x,y): R×R → [0,1] as it
is in the joint distribution H(g(x),I)), being g(∙): R → R any strictly increasing function, and
I is the identity operator.
This second Axiom guarantees that HI is invariant to further monotonic transformation
of the pre-tax income (x). In this way, it is indifferent if the instrument (any tax or, even, a
beneft scheme) evaluated from the HE point of view has a progressive or regressive structure. Thus, DL’s HI defnition is totally independent of any vertical equity consideration.
Both axioms respect the requirements of “non-reranking” and “equal treatment of
equals” that respectively ensure the existence of HE in the two traditional HI measurement
approaches. But, in addition, DL’s proposal incorporates, as we anticipated, a new postulate,
relevant to measure the degree of HI: the intensity of unequal treatment.
If both axioms are fulflled, DL (2001) would state the following theoretical result for
any monotonic transformation of x and of y, as v(x)=g(u(x))16:
Theorem 1 (DL, 2001): Given Axioms 1 and 2, HI is the same in the joint distribution
H(x,y): R×R → [0,1] as it is in the joint distribution H(v(x),u(x)), being v(∙): R → R and u(∙):
R → R any strictly increasing functions.
This result makes possible to consistently compare the existing HI across j alternative tax
designs, whether for the same distribution of income (evaluation of options for a tax reform)
or for different income distributions (for two or more fscal years, countries or subcentral
governments). In addition, DL (2001, Theorems 2 and 3) state that it is possible to establish
a partial ordering of tax systems by HI, in line with the Atkinson and Bourguignon (1982)
stochastic dominance criteria for multi-dimensioned distributions, based on the preference of
the social decision-maker for an increasing positive association between x and y.
To operationalize this concept of HE both from a theoretical and empirical perspective,
DL (2001) argue that comparisons of HI between different taxes should be based on measures derived from a copula function of the joint distribution of pre- and post-tax incomes.
The justifcation for this statement is that the copula fulfls this requirement, since it captures
those properties of the joint distribution which are invariant under strictly increasing transformations of the random variables (Schweizer and Wolff, 1981: 882). Precisely, as DL
(2001) highlight, this invariance required by axioms 1 and 2 is what allows to ensure a “pure”
measurement of HI. Furthermore, another advantage is that setting a joint reference distribution for HI comparisons becomes unnecessary. From an empirical point of view, copulas can
be a fexible tool for modelling joint distributions in terms of univariate marginal functions
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and measuring the dependence structure between variables17. Next, we will outline the
framework of the copula functions used in our empirical analysis.

3.2.1. A parametric copula-based framework for measuring HI
Let H(x,y): R×R → [0,1] be the bivariate joint distribution function of pre- and post-tax
equivalised incomes (denoted by x and y, respectively, such that x, y ∈ R), with respective
marginal distributions F(x) and G(y). Then by Sklar’s theorem (Sklar, 1959) there exists a
bivariate copula function C:[0,1]×[0,1]→[0,1] such that18,
(1)
Furthermore, inasmuch as F(x) and G(y) are continuous, C is unique19.
Taking into account that by the probability integral transform, data values that are modelled as being random variables from any given continuous distribution can be converted into
random variables having a standard uniform distribution U(0,1), there is an implicit copula
C for the uniform transformations u=F(x) and v=G(y), defned as a bivariate distribution
function with U(0,1) marginals, such that,
(2)
where F–1(∙) and G–1(∙) denote the generalized inverse functions of F(·) and G(·) with domains I=[0,1].
As Nelsen (2006) explains, the corollary of Sklar’s theorem that is behind Equation (2)
allows to establish this relation,
(3)
Equation (3) is crucial for empirical work with copulas. It is enough to transform the
vectors of the values of the variables x and y (in our case the incomes before and after the
tax, in equivalent terms) into two uniform distributions U(0,1), and calculate their inverse
through marginal functions. Once dependence for resulting variables has been stablished,
after projecting them in the [0,1] range, we are fnally able to obtain the bivariate copula with
the uniform marginals that we are looking for.
Despite the theoretical strengths outlined above, as far as we know, the application of
copula functions to tax systems’ HI empirical evaluation has not been carried out after a
decade since the publication of DL’s proposal. Most likely, computational diffculties to
estimate copulas from large samples of tax microdata could explain this poor implementation, although this issues should not be too relevant nowadays20. From an informational
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point of view, it is important to keep in mind that a copula function is a hidden dependence
structure, not directly observable. Therefore, in order to statistically model a copula function, a parametric specifcation is required. In addition, this explicit specifcation is necessary to control the strength of dependence. As Nelsen (2003) points out, literature includes a wide collection of copula specifcations, generally classifed by families, defned
according to one or more real parameters, and with different levels of complexity for their
estimation. As reviewed in Nelsen (2006) and Trivedi and Zimmer (2005), there are many
parametric copula families, which usually include parameters to control the strength of
dependence.
Indeed, to measure the degree of HI in Norway, Bø et al. (2012) propose to carry out
parametric estimations of copula functions, which allows to directly obtain dependence
measures considered as HI indices, according to the conditions laid down in DL (2001).
In particular, they estimate copulas belonging to the Archimedean class, widely used in
fnance, insurance and risk management. Its popularity is mainly explained by the fact that
in most cases they have an explicit formulation, being defned by a single dependence
parameter θ. Accordingly, a copula belongs to the Archimedean class if it is of the generic form,
(4)
where φ:[0,1]×Θ→[0,∞) (so-called generator function) is continuous, strictly decreasing and
convex, such that φ (1;θ) = 0, for θ ∈ Θ, and φ [-1] is its pseudo-inverse, defned by φ [-1](t;θ)
:{φ–1 (t;θ) if 0 ≤ t ≤ φ (0;θ) ⎜⎜ 0 if φ (0;θ) ≤ t ≤ ∞}.
In our analysis for the Spanish dual income tax, we also use copulas belonging to the
Archimedean class. This class of copula functions has several advantages for the purpose of
our research. First, these copulas can capture a wide range of dependence structures (Genest
and Rivest, 1993). Second, they are quite straightforward to generate computationally (Wang
and Wells, 2000). Specifcally, following the recommendation made by Bø et al. (2012), we
also use the well-known Clayton (1978), Frank (1979) and Gumbel (1960) bivariate copulas
belonging to the Archimedean family. This selection allows covering the full dependence
spectrum, so the Clayton copula accurately refects the dependence between variables in the
left tail, the Frank copula exhibits symmetric dependence in both tails, and, fnally, the Gumbel copula captures right tail dependence. In accordance with expression (4), we present
below the explicit defnitions of these three copulas.
— Clayton copula
(5)
with dependence parameter θ ∈ [–1,∞)\{0}. Thus, when θ is close to zero, its respective
marginal distributions are independent. The generator of this copula is
and its inverse, φθ-1(t) = (1 + θ t)–1⁄θ.
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The Clayton copula is asymmetric with a strong left tail dependence and a weak right
tail dependence. This copula function is appropriate for modelling joint distributions when
the correlation of the two variables is higher in the left tail. Unlike the Frank copula, the
Clayton copula cannot account for negative dependence.
— Frank copula
(6)
with dependence parameter θ ∈ (-∞,∞)\{0}, refecting the symmetry of both tails.
The generator of this copula is φθ (t)=

, and its inverse, φθ-1(t)=

.
Besides, this copula can account for negative dependence. Therefore, it is recommended
for modelling joint distributions with a strong positive and negative dependence. A drawback
is that the Frank copula tends not to be very good for tail dependence measurement. Indeed,
it picks out strong dependence in the middle of the distribution. Hence it is recommended
for use with data that exhibit strong central and weak tail dependence.
— Gumbel copula
(7)
with dependence parameter θ ∈ [1,∞). The generator of this copula is φθ (t) = (–log t)θ, and
its inverse, φθ-1(t) = exp(–t1/θ).
Like the Clayton copula, the Gumbel copula does not account for negative dependence.
Unlike the Clayton copula, however, the Gumbel copula exhibits strong right tail dependence
and relatively weak left tail dependence. It is recommended for use when the joint distribution shows a strong correlation at high values and a weaker correlation at low values.

3.2.2. Measures of dependence
Concerning the choice of a particular type of copula function, it usually depends on the
existing structure of dependence between the two variables considered. According to the
defnition of copula, any measure aimed at capturing this dependence should just depend on
the copula and not on its marginal distributions. Usually, this dependence relation is measured by means of statistical measures of association, such as Kendall’s tau (τ) and Spearman’s
rho (ρ), which are copula-consistent insofar as both are invariant for increasing transformations of the variables.
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— Kendall’s tau (τ) (Kendall, 1938).
Let H(x,y) be a bivariate continuous joint distribution function of pre- and post-tax equivalised incomes x and y, with univariate margins F(x) and G(y), Kendall’s tau, expressed in terms
of probability, is defned as the probability of concordance minus the probability of discordance
for a pair of observations (xi ,yi) and (xj ,yj) chosen randomly from the distribution:
(8)
Because τ is strictly invariant to increasing transformations, (8) can be expressed in
terms of the copula associated with H:
(9)
For the three chosen Archimedean copulas -Clayton, Gumbel, Frank-, Kendall’s tau is
defned as a function of the dependence parameter θ, respectively, such that:
(10)
(11)
(12)
where D1 is the Debye function of order one,
— Spearman’s rho (ρ) (Spearman, 1904).
Let H(x,y) be a bivariate continuous joint distribution function of pre- and post-tax
equivalised incomes x and y, with univariate margins F(x) and G(y), Spearman’s rho is defned as the correlation of F(x) and G(y). Since F(x) and G(y) are transformable by U(0,1) as
random variables, under the assumption of continuity, their expected value are ½ and their
variance are 1/12. Hence, Spearman’s rho is,
(13)
Because τ are invariant to strictly increasing transformations, (13) can be expressed in
terms of the copula associated with H:
(14)
For Frank copula, Spearman’s rho can be defned as a function of the dependence parameter θ, respectively, such that,
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(15)

where Dk(θ) is the Debye function of order k,
for n positive integer.
For the Clayton copula, Spearman’s rho expression has a rather complex form, whereas for
the Gumbel copula there is no closed form.
Bø et al. (2012) propose the use of the Spearman’s rho and of the Kendall’s tau, calculated from the estimation of the copulas chosen, to measure HI. Both coeffcients capture the
“degree of association” between the pre-tax and post-tax incomes distributions, identifying
the difference respect to full association with the degree of HI caused by the tax. In this
sense, the lack of association refects the intensity of unequal treatment.
Another usual measure in the dependence analysis is the so-called Blomvquist beta (b).
Likewise, limiting dependence is commonly measured via the so-called tail-dependence
coeffcient, distinguishing between lower (left) and upper (right) tail dependence, (lL and lU,
respectively). We also use them in the empirical analysis to complement the previous two.
— Blomqvist’s beta (b) (Blomqvist, 1950).
Let H(x,y) be a bivariate continuous joint distribution function of pre- and post-tax
equivalised incomes x and y, with univariate margins F(x) and G(y), and respective medians
ẍ and ÿ, Blomqvist’s beta, also known the medial correlation coeffcient, is defned, in terms
of probability, as:
(16)
Blomqvist’s beta can easily be expressed in terms of the copula associated with the distribution H(x,y):
(17)
For Clayton, Gumbel and Frank copulas, Blomqvist’s beta can be defned as a function
of the dependence parameter θ, respectively, such that:
(18)
(19)
(20)
— Tail dependence (l)
The coeffcients of lower (left) and upper (right) tail dependence can be expressed in
terms of the copula as:

96
(21)
(22)
For the chosen Archimedean copulas, tail dependence shows the following values, expressed in terms of θ (Caillault and Guegan, 2005): Gumbel, lL = 0, lU = 2-2θ (iff θ ≠ 1);
Clayton, lU = 0, lL = 2–1/θ (iff θ > 0). As we know, the Frank copula exhibits tail independence, so that lL = lU = 0. Again, their difference with the values of perfect association should
be considered a measure of the degree of IH.
According to Bø et al. (2012), the difference with respect to one of these four measures
of dependence can be interpreted as indices of HI, which are consistent with the HE
approach based on copulas: 1–τ, 1–ρ, 1–b, 1–lL or 1–lU. Thus, there is no HI when the
degree of dependence between the uniform distributions of pre- and post-tax income is 1.

3.2.3. Criteria for copula selection
A goodness-of-ft test has to be run to check that the choice of copula function is correct.
In order to compare different ftted copulas, the log-likelihood and related measures penalizing large numbers of parameters, such as the Akaike information criterion (AIC) and
Bayesian information criterion (BIC), are frequently applied. In the case of the AIC, the
penalty only depends on the number of parameters, whereas the BIC also depends on the
sample size (Joe, 1997)21.
— Akaike Information Criterion (AIC) (Akaike, 1974).
Let k be the number of parameters estimated in the model and L the maximum value of the
likelihood function for the estimated model. Then, the AIC value of the (copula) model is:
(23)
— Bayesian Information Criterion (BIC) (Schwarz, 1978).
Let k be the number of parameters estimated in the (copula) model and L the maximum
value of the likelihood function for the estimated model on a sample of size n. Then the BIC
value of the (copula) model is:
(24)
Under these two comparison criteria, the preferred model will be the one with the lowest
value. In our case, as all copula are estimated with the same number of parameters and the
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same sample, it is obvious that the application of these goodness-of-ft tests leads to the
choice of the copula with the highest log-likelihood (L) value.

4. Empirical analysis
4.1. Data
As mentioned in the introduction, our main aim is to evaluate the effects on HE of the
adoption in 2007 of a dual model for Spanish PIT using the copula functions approach proposed by Bø et al. (2012). In order to quantify this impact, we compare the HI generated by
the new dual PIT with the previous design applied in the year 2006, close to a ‘synthetic’
income tax system. In order to identify possible tax reform’s anticipation and adaptation effects, the analysis is spread over the period 2004 to 2010.
For the empirical analysis, we use microdata from the 1999-2014 Spanish Personal Income Tax Return Panel disseminated by the Spanish Institute of Fiscal Studies (IEF)22. This
database is an expanded panel that represents the Spanish population of taxpayers who fle
a PIT return every year. The Spanish Personal Income Tax Return Panel covers what is
known as the territory under the common fscal regime23. For each year, the sample includes
information from the annual PIT returns submitted by taxpayers, where the different variables correspond with the boxes of the PIT form. These variables are divided into two groups
depending on their type: non-monetary variables, which include the main qualitative and
personal characteristics of the tax return flers; and monetary variables, which include the
amounts (in euros) entered into the PIT form boxes.
From this database, we can reconstruct family tax units for married couples that opted
to fle their tax returns separately. This concept of family tax unit is equivalent to the concept
of tax return for single taxpayers and joint tax return for married taxpayers. In the case of
married taxpayers fling separately, however, it involves combining both tax returns24. In this
regard, we believe that the use of the family tax unit for analysing HI (instead of using the
individual tax fler) is a better option for two reasons. First, it allows to take into account
possible differentiated tax treatments related to the tax fling option (individual or joint tax
return). Second, by adopting this family-based approach, we consider the joint ability to pay
of married couples.
To refect their living standards, the incomes of family tax units are measured weighting
the nominal monetary values of their aggregate income using equivalence scales25. In particular, three equivalence scales are considered in our analysis: a) “OECD scale” (also called
“Oxford scale”), which is defned as EO(n1,n2) = 1+0.7(n1–1)+0.5(n2), where n1 accounts for
the taxpayer’s spouse in married couples and the number of ascendants, if any, and n2 is the
number of dependent descendants; b) “OECD-modifed scale”, which is defned as EOM
(n1,n2 ) = 1+0.5(n1–1)+0.3(n2); and c) “Square root scale”, which divides household income
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by the square root of household size, ESR(n1,n2)=√(n1+n2). The choice of a specifc scale involves accepting a certain value judgment about the differences in needs related to the number and age of tax unit members. If we defne “equivalence elasticity” as the response of
economic needs to the changes in household size, this elasticity can range from 0 (when
unadjusted family income is taken as the income measure) to 1 (when per capita family income is used), with intermediate values 0.73, 0.53 and 0.50 when OECD, OECD-modifed
and Square Root scales are respectively applied. A smaller value of this elasticity corresponds to a larger economies of scale in the consumption26. Of course, these value judgements
affect results.
To defne gross income, we used the variables contained in the Spanish Personal Income
Tax Panel according to the broadest possible criterion of ability to pay. In particular, gross
income is calculated for each taxpayer as the sum of all income components included in the
general and saving tax bases, to which we add the reductions applied to different sources of
income, such as earned-income reduction and housing rent deduction27. In respect of taxpayer’s net income, it is defned as his or her gross income minus the corresponding tax
liability.

4.2. Results
This section presents the main results for HI measurement obtained following the theoretical framework explained in the section above. Regarding the estimation of Archimedean
copulas, it should be noted that the respective θ parameters have been estimated by maximum likelihood method using CD-Vine R package (Hofert et al., 2018a,b). Likewise, all the
statistics of the estimates and the dependence measures associated to each copula have been
computed with this package.
For each of the three equivalence scales considered, Tables 3 to 5 show respectively the
estimation results for the Clayton, Gumbel and Frank Archimedean copulas corresponding
to 2004 - 2010 period. For each copula, the table contains the value of parameter θ, the loglikelihood value of the estimation (L), and the standard errors of the estimate. From the L
values, we compute both the Akaike (AIC) and Bayesian (BIC) information criteria. Finally,
values for Kendall’s tau independence test are also offered.
In all cases, the estimated values of θ are signifcant, being the value of L very high for
each type of estimated copula function. Meanwhile, computed values for AIC and BIC show
that the Clayton copula is the one which best captures the dependence between the pre- and
post-tax equivalised incomes when the OECD and OECD-modifed scales are applied, followed by the Gumbel and Frank copulas, in this order. However, when the square root scale is
applied, we conclude that the best options for the years 2004, 2005 and 2006 are Gumbel
and Frank copulas, in this order. To sum up, except for those three years prior to the tax reform, when we apply the equivalence scale that recognizes greater economies of scale, the

NA

-82,961,881

25.36748

38,339,046
NA

Bayesian information criterion (BIC)

θ

Log. Likelihood

39,987,471
0.000118

-79,974,926
5,510.55

99.99994

38,787,922

0.000120

-77,575,842

-77,575,828

5,425.50

13,856,674

θ

Log. Likelihood

Standard error

Akaike information criterion
(AIC)

Bayesian information criterion (BIC)

Independence test (Kendall’s τ)

Number of observations
(Tax units)

2006

14,834,827

5,606.55

-82,423,405

-82,423,419

0.000116

41,211,711

99.99993

Frank Copula

-82,012,866

-82,012,881

NA

41,006,441

25.14615

Gumbel Copula

-87,122,979

-87,122,994

0.011426

43,561,498

50.38242

Clayton Copula

15,491,668

5,689.45

-80,397,467

-80,397,481

0.000127

40,198,742

97.08526

-82,817,993

-82,818,007

NA

41,409,005

22.57899

-87,402,356

-87,402,370

0.009968

43,701,186

44.55837

2007

15,969,360

5,794.56

-85,042,272

-85,042,287

0.000111

42,521,144

99.99993

-86,194,919

-86,194,934

NA

43,097,468

23.40211

-94,858,208

-94,858,222

NA

47,429,112

52.28167

2008

15,938,000

5,800.04

-86,320,849

-86,320,863

0.000112

43,160,433

99.99995

-86,866,143

-86,866,158

NA

43,433,080

24.15766

-97,017,241

-97,017,255

NA

48,508,629

56.62745

2009

15,885,443

5,780.19

-84,609,770

-84,609,784

0.000112

42,304,893

99.99993

-86,404,061

-86,404,076

NA

43,202,039

23.91339

-93,323,680

-93,323,694

0.011220

46,661,848

50.67034

2010

Note: θ parameter estimation by maximum likelihood method (using R package CD-Vine). [0,1] Normalised equivalent-income distributions are obtained using R
command “pobs(·)”.
Source: Own elaboration from Spanish Personal Income Taxpayers Panel for the years 2004 to 2010.
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Table 3
RESTIMATION OF θ PARAMETER FOR CLAYTON, GUMBEL AND FRANK COPULAS
SPANISH PIT 2004-2010 (EQUIVALENT INCOME USING OECD SCALE)
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Note: θ parameter estimation by maximum likelihood method (using R package CD-Vine). [0,1] Normalised equivalent-income distributions are obtained using R
command “pobs(·)”.
Source: Own elaboration from Spanish Personal Income Taxpayers Panel for the years 2004 to 2010.
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Table 4
ESTIMATION OF θ PARAMETER FOR CLAYTON, GUMBEL AND FRANK COPULAS
SPANISH PIT 2004-2010 (EQUIVALENT INCOME USING OECD MODIFIED SCALE)
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Note: θ parameter estimation by maximum likelihood method (using R package CD-Vine). [0,1] Normalised equivalent-income distributions are obtained using R
command “pobs(·)”.
Source: Own elaboration from Spanish Personal Income Taxpayers Panel for the years 2004 to 2010.
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Table 5
ESTIMATION OF θ PARAMETER FOR CLAYTON, GUMBEL AND FRANK COPULAS
SPANISH PIT 2004-2010 (EQUIVALENT INCOME USING SQUARE ROOT SCALE)
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Clayton copula is the best alternative to represent the dependence relationship between the
before and after-tax incomes, while the Copula Frank, as almost always occurs, is the one
that offers the worst ft to the data. As explained in the methodological section, Clayton
copula exhibits left tail dependence (for low incomes), whereas it is weaker in the right tail
(for high incomes). As is well known, Frank copula does not show tail dependence in its
limits, which explains the ftting problems for the data corresponding to the two variables
considered.
Given the typical shape of the before-PIT income distribution, characterized by a greater density at the lower part of the distribution and a high right-skewness, the higher loglikelihood values obtained for the Clayton copula are a foreseeable result. The exception for
years 2004, 2005 and 2006, when we applied the square root scale, can be explained by the
strong transformation of the pre- and post-tax income distributions induced by that scale of
equivalence. In relation to this, we should not forget that the PIT liabilities are calculated by
applying the tax rates on taxable bases expressed in monetary terms.
Values for HI indices based on copula dependence measures (1–τ, 1–ρ, 1–b, 1–lLor 1–
lU), for each of the three equivalence scales considered, are respectively reported in Tables
6 to 8. Their evolution between 2004 and 2010 is graphically shown in the panels included
in Figures 1 to 3. In each of these Figures, upper panels plot the results obtained for the
Clayton copula, middle panels for the Gumbel copula and the lower panels for the Frank
copula. In particular, left panels display values for 1–τ on the left axis, and for 1–ρ on the
right axis, while right panels display values for 1–b on the left axis, and for 1–lL,lU on the
right axis. In view of the results, we can anticipate that, in each scenario, the four measures
calculated behave in a similar way, as expected.
If we focus on the results for the Clayton copula when pre- and post-tax incomes are
equivalised using OECD and OECD-modifed scales, that is, in the two living-standard scenarios in which this copula is the one that best captures the dependence between the two
variables, at frst glance, a fact stands out: the highest HI takes place in 2007, precisely the
frst year of application of the reform that introduced PIT’s dual structure in Spain. However,
if we look at the evolution of the HI both before and after the reform took place, we observe
that there are differences in the profles, depending on the scale of equivalence applied. For
the OECD scale, HI increases every year since 2004 until it reaches its maximum in 2007,
decreasing in 2008 and 2009 to values similar to those from 2004, even slightly lower in
2009, although in 2010 HI returns to values close to those from 2006, just before the reform.
In contrast, when the modifed OECD scale is applied, we observe that after the sustained
increase up to 2007, HI falls signifcantly, being in all years with values clearly below the
initial level of 2004, even after the rebound detected for 2010.
In order to properly understand this change in the HI profle, it is necessary to look at
the values of the measures obtained using the square root scale, even knowing that with this
scale, as we said, Clayton copula is the one that worst captures the dependence for the three
years prior to the reform. Applying this scale, the HI exhibits a similar profle to the one
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0.013664

0.027327

0.004715

0.038181

0.986337

0.972673

0.995285

0.961819

Clayton Copula

0.028558

0.002031

0.040503

0.971442

0.997969

0.959497

0.031175

0.042754

0.002854

0.044289

0.968825

0.957246

0.997146

0.955711

0.015436

0.030871

0.004773

0.042957

0.984564

0.969129

0.995227

0.957043

2007

Source: Own elaboration from Spanish Personal Income Taxpayers Panel for the years 2004 to 2010.

0.001916

0.001916

0.027746

0.027701

HI(4) : 1 − lL

HI(3) : 1 − b

0.038096

0.038035

HI(3) : 1 − b

HI(2) : 1 − ρ

0.002273

0.002267

HI(2) : 1 − ρ

0.039342

0.039483

0.039421

HI(1) : 1 − τ

0.972274

0.972255

0.972299

Upper tail dependence lL

0.039342

0.961904

0.961965

0.972274

0.997727

0.997733

Spearman's ρ

Blomqvist’s b

HI(1) : 1 − τ

0.960517

0.960580

Kendall’s τ,

Blomqvist’s b

0.013097

0.012874

HI(4) : 1 − lL

0.960658

0.026195

0.025748

HI(3) : 1 − b

0.998084

0.004706

0.004703

HI(2) : 1 − ρ

0.960658

0.036646

0.036040

HI(1) : 1 − τ

0.998084

0.986903

0.987126

Lower tail dependence lL

Kendall’s τ,

0.973806

0.974252

Blomqvist’s b

Spearman's ρ

0.963354
0.995294

0.963960

0.995297

Kendall’s τ,

Spearman's ρ

2005

2004

0.027726

0.001916

0.039342

0.972274

0.998084

0.960658

0.030062

0.041244

0.002674

0.042731

0.969938

0.958756

0.997327

0.957269

0.013170

0.026341

0.004707

0.036845

0.986830

0.973659

0.995293

0.963155

2008

0.027726

0.001916

0.039342

0.972274

0.998084

0.960658

0.029108

0.039948

0.002512

0.041395

0.970892

0.960052

0.997488

0.958605

0.012166

0.024332

0.004697

0.034114

0.987834

0.975668

0.995303

0.965886

2009

Table 6
HORIZONTAL INEQUITY INDEXES BASED ON COPULA DEPENDENCE MEASURES
FOR SPANISH PIT 2004-2010 (EQUIVALENT INCOME USING OECD SCALE)

0.027726

0.001916

0.039342

0.972274

0.998084

0.960658

0.029410

0.040358

0.002562

0.041818

0.970590

0.959642

0.997438

0.958182

0.013586

0.027173

0.004714

0.037972

0.986414

0.972827

0.995286

0.962028

2010
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0.961620
0.995283
0.972526
0.986263
0.038380
0.004717
0.027474
0.013737

0.962393

0.995289

0.973097

0.986549

0.037607

0.004711

0.026903

0.013451

Spearman's ρ

Blomqvist’s b

Lower tail dependence lL

HI(1) : 1 − τ

HI(2) : 1 − ρ

HI(3) : 1 − b

HI(4) : 1 − lL

0.961799
0.972177
0.039591
0.002283
0.038201
0.027823
0.960658
0.998084
0.972274
0.039342
0.001916
0.027726

0.961996

0.972322

0.039389

0.002264

0.038005

0.027678

0.960658

0.998084

0.972274

0.039342

0.001916

0.027726

Spearman's ρ

Blomqvist’s b

Upper tail dependence lL

HI(1) : 1 − τ

HI(2) : 1 − ρ

HI(3) : 1 − b

HI(4) : 1 − lL

Kendall’s τ,

Spearman's ρ

Blomqvist’s b

HI(1) : 1 − τ

HI(2) : 1 − ρ

HI(3) : 1 − b

0.027726

0.001916

0.039342

0.972274

0.998084

0.960658

Frank Copula

0.028167

0.038669

0.002340

0.040074

0.971833

0.961332

0.997660

0.959926

Gumbel Copula

0.014430

0.028861

0.004734

0.040252

0.985570

0.971139

0.995266

0.959748

Clayton Copula

2006

0.027726

0.001916

0.039342

0.972274

0.998084

0.960658

0.030148

0.041361

0.002689

0.042852

0.969852

0.958639

0.997311

0.957148

0.014669

0.029337

0.004742

0.040894

0.985332

0.970663

0.995258

0.959106

2007

Source: Own elaboration from Spanish Personal Income Taxpayers Panel for the years 2004 to 2010.

0.960409
0.997717

0.960611

0.997736

Kendall’s τ,

Kendall’s τ,

2005

2004

0.027726

0.001916

0.039342

0.972274

0.998084

0.960658

0.028577

0.039227

0.002420

0.040650

0.971423

0.960773

0.997580

0.959350

0.012126

0.024252

0.004696

0.034005

0.987874

0.975748

0.995304

0.965995

2008

0.027726

0.001916

0.039342

0.972274

0.998084

0.960658

0.027701

0.038036

0.002267

0.039421

0.972299

0.961965

0.997733

0.960579

0.011154

0.022308

0.004692

0.031350

0.988846

0.977692

0.995308

0.968650

2009

Table 7
HORIZONTAL INEQUITY INDEXES BASED ON COPULA DEPENDENCE MEASURES
FOR SPANISH PIT 2004-2010 (EQUIVALENT INCOME USING OECD MODIFIED SCALE)

0.027726

0.001916

0.039342

0.972274

0.998084

0.960658

0.028005

0.038448

0.002310

0.039847

0.971995

0.961552

0.997690

0.960153

0.012386

0.024771

0.004698

0.034712

0.987614

0.975229

0.995302

0.965288

2010
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0.030298

0.030207

2006

0.030950

0.002379

0.043832

0.997621

0.969050

0.956168

Frank Copula

0.033521

0.045934

0.003291

0.047567

0.966479

0.954066

0.996709

0.952433

Gumbel Copula

0.022399

0.044798

0.006009

0.061354

0.977601

0.955202

0.993991

0.938646

Clayton Copula

0.027726

0.001916

0.039342

0.998084

0.972274

0.960658

0.030283

0.041544

0.002713

0.043041

0.969717

0.958456

0.997287

0.956959

0.014656

0.029311

0.004741

0.040859

0.985345

0.970689

0.995259

0.959141

2007

Source: Own elaboration from Spanish Personal Income Taxpayers Panel for the years 2004 to 2010.

0.002282

0.002268

0.033288

0.033261

HI(4) : 1 − lL

HI(3) : 1 − b

0.045619

0.045582

HI(3) : 1 − b

HI(2) : 1 − ρ

0.003254

0.003249

HI(2) : 1 − ρ

0.042925

0.047243

0.047204

HI(1) : 1 − τ

0.997718

0.966712

0.966739

Upper tail dependence lL

0.042799

0.954381

0.954419

0.997732

0.996746

0.996751

Spearman's ρ

Blomqvist’s b

HI(1) : 1 − τ

0.952757

0.952796

Kendall’s τ,

Blomqvist’s b

0.021654

0.021471

HI(4) : 1 − lL

0.957075

0.043308

0.042941

HI(3) : 1 − b

0.969702

0.005764

0.005708

HI(2) : 1 − ρ

0.957202

0.059414

0.058935

HI(1) : 1 − τ

0.969793

0.978346

0.978529

Lower tail dependence lL

Kendall’s τ,

0.956692

0.957059

Blomqvist’s b

Spearman's ρ

0.940587
0.994237

0.941065

0.994292

Kendall’s τ,

Spearman's ρ

2005

2004

0.027726

0.001916

0.039342

0.998084

0.972274

0.960658

0.028738

0.039445

0.002449

0.040875

0.971262

0.960555

0.997551

0.959125

0.012056

0.024113

0.004696

0.033815

0.987944

0.975888

0.995304

0.966185

2008

0.027726

0.001916

0.039342

0.998084

0.972274

0.960658

0.027916

0.038328

0.002296

0.039723

0.972084

0.961672

0.997704

0.960277

0.011112

0.022225

0.004692

0.031236

0.988888

0.977776

0.995308

0.968764

2009

Table 8
HORIZONTAL INEQUITY INDEXES BASED ON COPULA DEPENDENCE MEASURES
FOR SPANISH PIT 2004-2010 (EQUIVALENT INCOME USING SQUARE ROOT SCALE)

0.027726

0.001916

0.039342

0.998084

0.972274

0.960658

0.028265

0.038803

0.002359

0.040212

0.971735

0.961198

0.997641

0.959788

0.012354

0.024707

0.004698

0.034625

0.987646

0.975293

0.995302

0.965375

2010

How Did the ‘Dualization’ of the Spanish Income Tax Affect Horizontal Equity? Assessing its Impact Using...

105

106

˜°˛˝˙ˆ ˇ˘°-˜°˛˙ °ˇ ˙˛ ˙˛°

Figure 1: Horizontal Inequity for Spanish PIT 2004 – 2010 based copula estimation
(Equivalence scale: OECD)
Source: Own elaboration from Spanish Personal Income Taxpayers Panel for the years 2004 to 2010.
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Figure 2: Horizontal Inequity for Spanish PIT 2004 – 2010 based copula estimation
(Equivalence scale: OECD modified)
Source: Own elaboration from Spanish Personal Income Taxpayers Panel for the years 2004 to 2010.

108

˜°˛˝˙ˆ ˇ˘°-˜°˛˙ °ˇ ˙˛ ˙˛°

Figure 3: Horizontal Inequity for Spanish PIT 2004 – 2010 based copula estimation
(Equivalence scale: Square root)
Source: Own elaboration from Spanish Personal Income Taxpayers Panel for the years 2004 to 2010.

obtained with the modiÿed OECD scale, but reaching its maximum value in 2006, the year
preceding the reform. As of 2006, we see how after the application of the dual tax the HI was

How Did the ‘Dualization’ of the Spanish Income Tax Affect Horizontal Equity? Assessing its Impact Using...

109

reduced with respect to the value of 2004, around one third in 2007 and in half in 2008,
rising, albeit very slightly, in 2010, as with the rest of the scales.
This result is largely due to the greater economies of scale recognised when using this
equivalence scale. As stated in the Introduction, the tax reform in force since 2007, not only
introduced a dual tax structure, but it also transformed personal and family allowances into
tax credits. Since then, tax savings for these concepts began to be generated at the minimum
marginal tax rate of the progressive schedule, instead of doing it at the highest marginal tax
rate applicable to each taxpayer, as it happened with the PIT applied in Spain from 1999 to
2006. This change led to an equalization of tax savings related to personal and family circumstances, to the extent that they now depend on the size of the family tax unit (and of
course the ages and possible disabilities of its members) instead of on their level of income.
In short, through this measure, the 2007 tax reform contributed to mitigate unequal treatment
among taxpayers, what obviously should be refected in the measurement of the IH.
The analysis for the results obtained with the Gumbel copula, for the three scales, shows
that the HI profles are practically the same as those we have just presented for the Clayton
copula. Nevertheless, there is an outstanding difference: the decline in HI, from the maximum value reached in 2007 (2006 applying the square root scale), is signifcantly lower.
Finally, the results for the Frank copula evince, as expected, the problems of association of
pre- and post-tax income distributions derived from the dependence structure imposed by
this copula, which limit its use for the HI measurement.
According to these results, what can we say about the impact of the 2007 Spanish PIT
reform on HE? From what we have examined so far, the choice of a certain scale of equivalence to recognise living standards is quite decisive in the HI evaluation of the reform.
In fact, this can be observed in the panels of Figure 4, in which we now compare year
after year the values of HI obtained by applying each equivalence scale (measured by 1–τ
and 1–ρ indices). This transversal analysis allows us to observe how, for the same tax design,
each scale results in a different level of HI, showing signifcant differences sometimes. When
we apply a longitudinal interpretation of these panels, the IH ranking by equivalence scale is
not the same for every year, nor is the extent of the differences. Specifcally, the graphs in
Figure 4 show that, during the three years prior to the reform, the HI measurement using the
square root equivalence scale is always the one that provides the greatest value. In contrast,
for those same years, the lowest levels of HI are obtained when using the OECD scale, followed closely by those that result from applying the modifed OECD scale. However, as of
2007, with the entry into force of the tax reform assessed, the highest levels of HI are reached
with the OECD scale, while the lowest values are obtained by applying the modifed OECD
scale, although these are very similar to those provided by the square root scale method.
Although these patterns coincide for the three copulas used, it is necessary to clarify that
the square root scale is the only one that generates notable differences with respect to the
other two scales, and only during the three years prior to the reform. In contrast, since 2007,
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Figure 4: Horizontal Inequity for Spanish PIT 2004 – 2010 (1 − τ and 1 − ρ):
Ranking by Equivalence Scales
Source: Own elaboration from Spanish Personal Income Taxpayers Panel for the years 2004 to 2010.

the differences in the HI values according to the scale applied are much smaller, being
higher with the Gumbel copula than with the Clayton copula. In the case of Frank copula,
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the differences between equivalence scales are practically negligible, except for 2007, for
which HI calculated using OECD scale is higher.
These empirical results are explained by the economies of scale underlying each of the
considered equivalence scales. They interact with the modulation of tax liabilities by personal and family circumstances, let’s not forget, linked to the size of the tax family unit.
Thus, as we apply a scale that incorporates greater economies of scale (OECD, modifed
OECD and square root, in this order), and the treatment of personal and family circumstances given by the tax becomes increasingly dependent on the size of the tax family unit.
On the other hand, as already stated, the introduction of the dual tax structure presumably implied a potential increase in unequal treatment for taxpayers with the same ability to
pay, depending on the composition of their taxable income by income sources. As shown in
Díaz-Caro et al. (2013), a signifcant drop in the proportion of income taxed at the progressive schedule was experienced in 2007 as a consequence of the Spanish PIT “dualization”
(approximately 16% with respect to 2006), incomes that thereafter became proportionally
taxed into the savings base. It should be noted that the greater concentration of these savings
incomes in the upper part of the total gross income distribution implied a reduction in the
average effective tax rate paid by many tax family units located in that part of the distribution, as can be seen in Figure 5.
The division of the gross taxable income into two bases, one taxed with a progressive
schedule and the other taxed at a fat tax rate, undoubtedly forced an increase in HI in 2007,
consistent with what is shown in Figures 1 and 2. Nevertheless, it cannot be overlooked that
the continued increase of the capital gains included in the special base in the years before the
reform, especially the strong realization of these gains detected for the year 2006 (Onrubia
y Picos, 2013; López-Laborda et al., 2018), could help to understand the upward trend of the
HI in the years prior to the reform.
In this same vein, the recent results obtained by López-Laborda et al. (2018), also using
the Spanish Personal Income Tax Return Panel from the IEF, evidence the existence of anticipated changes in the taxpayers’ behaviour in response to the announcement of the reform that
introduced the dual tax. In particular, these authors have tested whether the “dualization” of the
Spanish income tax in 2007, which tax savings income at lower rates than general income,
encourages an income shifting strategy, contrasting that: “a) taxpayers shift part of their revenues from the general base to that of savings, especially capital gains; b) they shift income from
capital income to capital gains; and c) they shift income over time”. In addition, these authors
have found that these tax planning strategies were carried out almost exclusively by the highestincome taxpayers and the self-employed and non-corporate business owners.
In short, these “anticipation” and “learning/adaptation” effects caused by the 2007 tax
reform are again consistent with the evolution of HI found in our results. With this in mind,
the anticipation tax strategies contribute to explain, although not exclusively as we have seen,
the increasing trend of the IH until 2007, while the gradual adaptation of the taxpayers to the
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new dual tax design, including the exhaustion of the initial strategies, would help explain the
HI decline in 2008 and 2009. Regarding the HI increase observed in 2010, it is worth remembering that in the midst of the economic crisis, several changes in the tax were urgently
adopted, among them the replacement of the ˜at rate applied to the savings base by a speciÿc progressive schedule with two marginal rates of 19% and 21%.
We must be cautious when assessing how all the changes generated by the 2007 PIT reform have affected the HE of the tax. We can simply say that the behaviour changes that we
just mentioned are consistent with the exhibited HI evolution. As we said above, the reform, at
the same time that introduced the dual scheme of income taxation causing the effects outlined,
also incorporated a sizeable measure favouring HE, as was the transformation of personal and
family deductions into tax credits. And all this without forgetting the important in˜uence of the
equivalence scale choice. An example of this is when square root scale is applied: the conversion of personal and family allowances into tax credits introduces an HI improvement, which
compensates for the worsening of the HI caused by the dualization enough.
All in all, in view of the ÿndings presented, we can say that these reveal two main effects
of 2007 tax reform on the HI working in opposite directions. While, on the one hand, the
partition of the taxable income into two bases (one of them taxed progressively and another
proportionally) increases the HI, on the other hand, the transformation of personal and family allowances into tax credits reduces it. Hence, the net impact of the 2007 PIT reform on
HE depends on which of the two effects -pro HE and against HE- predominates, without
forgetting the in˜uence of the chosen equivalence scale.
To conclude this analysis, we compare the ÿndings obtained using copula functions with
the results provided by Gallego et al. (2012), who used traditional methodologies to measure
HI for Spanish PIT during the period 2004 to 2007. We can only compare them with our
results for the OECD equivalence scale inasmuch as these traditional HI indices were computed by applying this scale. Speciÿcally, we have values for the period 2004 to 2007 of the
indices of Atkinson-Plotnick, Camarero-Herrero-Zubiri (with inequality aversion parameters
c = 0, c = 1 and c = 2), and Lambert and Ramos.
Table 9
TRADITIONAL HORIZONTAL INEQUITY INDEXES FOR SPANISH PIT 2004-2007
(EQUIVALENT INCOME USING OECD SCALE)
Indices

2004

2005

2006

2007

0.828

0.824

0.773

0.793

Inequality aversion parameter c = 0

1.960

2.463

2.976

3.421

Inequality aversion parameter c = 1

0.900

0.987

1.095

1.003

Atkinson – Plotnick
Camarero – Herrero - Zubiri

Inequality aversion parameter c = 2
Lambert – Ramos

0.874

0.949

1.046

0.944

1.872

2.218

3.024

3.293

Note: All the values are expressed multiplied by 1,000.
Source: Gallego et al. (2012).
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In the same direction as our results for the OECD scale, as it can be seen in Table 9, all
these indices refect a continued increase of the HI until 2007, with the exception of the
Camarero-Herrero-Zubiri index, for which inequality aversion values of 1 and 2 shows a
decrease in 2007.

4.3. Horizontal inequity and dispersion of average effective rates
In order to extend the HI results concerning the dualization of Spanish PIT, we conducted a complementary analysis of the changes caused by the 2007 tax reform in terms of
the dispersion of average effective tax rates (defned as tax liability/gross income) across tax
family units with similar gross income levels. In doing so, we start from the premise that the
HI of a particular PIT design is associated with the dispersion of the average effective rates
(i.e. the coeffcient of variation) existing across tax family units with similar gross income.
This is so since in the absence of differential tax treatment, they should pay similar tax liabilities. Note, however, that this proposed measure is only approximate, because, given the
formal progressivity of PIT, it is inevitable, for the general tax schedule at least, that the
average tax rate will increase within the same income bracket with similar non-income attributes. But to the extent that the intervals set to consider “similar gross incomes” are rather
small, pure income variations can be considered to have an insignifcant effect.
For the purposes of this analysis, we frst established gross income intervals in order to
identify tax family units with similar abilities to pay. To do this, we used the optimal divisions provided by the Kernel-Epanechnikov method for estimating the gross income density
function28. For each of these similar gross income intervals, we calculated the mean of the
average effective tax rates borne by the different tax units belonging to this interval for both
2006 and 2007, as well as the maximum and minimum values of the interval.
As Figure 5 shows, although the reform cuts the top marginal tax rate of the progressive
schedule (from 45% to 43%), from a gross income level of around 50,000 euro, tax family
units of each interval paid in 2007, on average, a higher effective average rate than in 2006.
Below that threshold, the mean of the effective average rates for each interval was lower than
the one corresponding to the 2006 tax period. As we have previously explained, the combination of measures introduced by the reform is behind this result, highlighting precisely the
effect of the change in tax treatment of personal and family circumstances on those taxpayers
affected by the highest marginal rates, who were clearly harmed by the transformation of tax
allowances into tax credits. When we consider the equivalent income, the threshold from
which the average effective tax rates of 2007 are higher, on average per interval, than with
the 2006 tax, falls below 50,000 euro, although this is growing as that we use a scale with
greater economies of scale (around 20,000, 25,000 and 30,000 euro respectively).
As we stated, assessing the impact of dualization on the HI based on the distribution of
effective average tax rates requires focusing on the changes introduced by the reform in its
dispersion for similar ability to pay tranches. Figure 6 compares the values of the coeffcient
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Figure 5: Effective average tax rates for 2006 and 2007 Spanish PIT
(by partitions of similar ability to pay)
Source: Own elaboration from Spanish Personal Income Taxpayers Panel for the years 2004 to 2010.
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Figure 6: Effective average tax rates: Coefficients of variation for 2006 and 2007
Spanish PIT (by partitions of similar ability to pay up to 100,000 euro)
Source: Own elaboration from Spanish Personal Income Taxpayers Panel for the years 2004 to 2010.
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of variation for each interval of similar gross income for pre- and post-tax reform years. To
give a better picture of these results, right-panels illustrate the same comparison in this case
for the income intervals ranging from 0 to 50,000 euro.
According to these fndings, we fnd that, in 2007, with monetary income, the DIT raised
the coeffcient of variation for similar tax units, with respect to the 2006 tax, up to a gross
income level around 40,000 euro. From this threshold, we see that the tax applied in 2006
generated a greater dispersion in the effective average rates, slightly increasing with the income. As it can be seen, this result is repeated when we consider equivalent income. But it
should be noted that the greater dispersion of the effective average rates corresponding to the
2006 tax now occurs from a threshold around 15,000 euro, that is, more or less the same
income amount for the three scales applied. Even so, it is noteworthy that up to that threshold, differences between the coeffcients of variation of both taxes are somewhat higher
when using OECD and OECD modifed scales than when the square root scale is applied.
We can conclude that these patterns of dispersion of the effective average tax rates for
both PIT designs are fully consistent with the fndings with respect to the HI calculated using
copula functions. To understand this, we must bear in mind that the density of tax units with
incomes below this threshold of about 15,000 euro, mostly affected by the greater dispersion
of the average rates of DIT, is determinant to order both tax designs in terms of HI. In this
sense, the highest relative intensity of this dispersion when we apply the OECD and OECD
modifed scales coincides with the higher IH found for the 2007 DIT using the indices associated with copulas.

5. Concluding remarks
Public fnance literature has traditionally considered the HE principle of taxation as an
essential concept in the design of PITs. However, it is generally agreed that this command of
equity is not easy to implement in tax reforms. As differentiated tax treatments are embedded
in the structure of PIT, different requirements have to be taken into account to determine who
should be considered as equals for the purpose of applying this principle. But in spite of
everything, we agree that HE is one of the key aspects to be taken into account when evaluating a tax system, not only because of its indisputable effects on distributive justice, but also
due to its implications for voluntary tax compliance and tax morale as a whole.
The main purpose of this article was to assess how the introduction in 2007 of a dual
taxation model (or rather “semi-dual”, as argued in the Introduction) has affected the HI
of the Spanish PIT, cornerstone of our tax system. We believe that it is worth analysing
how dual income tax may violate HE command since it taxes differently both components
of the personal ability to pay, which in turn incentives income-shifting behaviours between
the two tax bases. This problem foreseeably leads to a greater HI that should be properly
measured.
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To carry out this evaluation, we have opted for the methodology based on the parametric
estimation of copula functions proposed by Bø et al. (2012), which is fully consistent with
the theoretical foundations on HI measurement stated in Dardanoni and Lambert (2001). In
this sense, we believe that this research contributes to expand the scarce literature that use
this attractive methodology to evaluate the HE of the tax systems.
Our results suggest that the Spanish PIT reform that came into force in 2007 caused two
effects on HI working in opposite directions, so we must be cautious when assessing separately their contribution to the overall impact on HE. First, as expected, the partition of the
taxable income into two bases, one of them taxed progressively and another proportionally,
increased the HI. Second, apart from dualization, the reform transformed personal and family allowances into tax credits, a change considered favourable for HE. Moreover, existing
empirical evidence reveals that in the year prior to the dualization, tax planning behaviours
that anticipated the effects of the reform occurred, being compatible with the HI evolution
found. Similarly, results obtained for the years after the reform came into effect are also
consistent with taxpayers’ adaptation behaviour to the new dual tax structure, which would
explain the HI decline in 2008 and 2009.
But we cannot ignore the important infuence of the equivalence scale choice. In this regard, obtained results show that as the scale recognises greater economies of scale, the “dualization effect”, contrary to the HE, loses relevance in favour of the effect generated by the new
treatment of personal and family circumstances through tax credits, favourable to the HE.
These fndings are corroborated by the analysis of the effective average tax rates dispersion
along the distribution of gross income. All in all, we can conclude that the net impact of the
Spanish PIT dualization depends on which of the two effects -pro HE and against HE- dominates, not to forget the infuence on the result of the equivalence scale chosen.
Finally, we think that there is still room for further research. In particular, the HI analysis might be conducted for Spanish Autonomous Communities, paying attention to the differences in gross income composition by sources. We consider that such an extension would
be interesting and valuable due to the existence of regional asymmetries on tax schedules for
general taxable income and tax credits. From a theoretical viewpoint, we think it might be
interesting to analyse the relationship between the dispersion of effective average tax rates
and the dependence between pre- and post-tax income distributions captured by copulas.

Notes
1.

See Sørensen (1994, 1998), Nielsen and Sørensen (1997) and Sørensen (2005) for characteristics of dual income tax, its properties and limitations.

2.

See Eggert and Genser (2005) and Genser and Reutter (2007) for the evolution of dual income tax in Europe.

3.

Kaldor (1955) frst proposed the use of personal expenditure as an indicator of ability to pay in direct taxation,
which was later considered in several reports on fscal reform such as Bradford (1977), the Meade Commission
(1978) and Lodin (1978).
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4.

These tax credits are calculated by applying the general tax schedule to the allowances, although increased
compared to 2006 amounts.

5.

Kaplow (1989) and Kaplow and Shavell (2002) expressed reservations about the relevance of HE with regard
to tax design, noting the lack of practical implementation of this equity principle.

6.

An interesting discussion about the relationship between HE, tax compliance and tax morale is offered in
Lindsay (2016).

7.

Some of these tax planning strategies (if not, tax avoidance) have been empirically analysed, among others, by
Alstadsaeter and Jacob (2016) for Sweden, Pirttilä and Selin (2011) and Harju and Matikka (2016) for Finland,
and López-Laborda et al. (2018) for Spain.

8.

On the scope of the term “semi-dual” and its differences with the pure dual model can be seen OECD (2006, p. 81).

9.

In 2010, a tax schedule with two marginal tax rates substituted the fat rate for the savings base (19% for up
to 6,000 euro of taxable income and 21% for amount above that fgure). This savings tax schedule was later
modifed in 2015 to include a third bracket (19% for up to 6,000 euro of taxable income, 21% for up to 50,000
euro, and 23% for amounts above that fgure in 2016).

10. In addition, from 1997 to 2006, a transitional tax regime was applied for assets acquired before 31 December
1994. Taxable capital gains resulting from those assets were proportionately reduced depending on how many
years had been held in the portfolio and which type of asset they were. The regime was maintained after the
2007 PIT reform for those taxpayers who had previously benefted from it. However, it is only applied in
proportion to the time elapsed between the acquisition of the asset and the date on which the reform entered
the Parliament (19 January 2006), whilst the rest of the capital gain is taxed without any correction.
11. When personal and family minimums are greater than the general base, the fat rate for the savings base (18%)
is applied to the remainder in order to calculate the taxpayer’s total tax credit.
12. It should be clarifed that this change in the tax structure was not equivalent in terms of equal yield, either
individually or for all taxpayers as a whole.
13. Johnson and Mayer (1962) and Brennan (1971) are often considered as the originators of this classical strand.
14. Perrote et al. (2003) use these non-parametric techniques to analyze HI in Spanish personal income tax.
15. In the assessment of living standards through income, it is appropriate to use an equivalence scale that allows
taking into account the differences in needs related to the size of the tax units. In this sense, x and y can be
expressed in terms of total money income or, alternatively, in terms of equivalent income, by applying an
equivalence scale.
16. In our case, monotonic transformation of income, v(x), is the result of applying the assessed tax structure, in
equivalent terms, u(y).
17. For an in-depth review of the copula concept and its properties, see Joe (1997) and Nelsen (2006).
18. This theorem was originally published in French. A similar article written in English was published in 1973
(Sklar, 1973).
19. For this demonstration it can see Nelsen (2006).
20. In their empirical illustration, DL (2001) estimate discrete copulas for United Kingdom, Israel and Canada
using the Iterative Proportional Fitting algorithmic procedure for very small sample sizes (2,721, 5,212 and
4,000 cases, respectively).
21. Although it does not happen in our case, regarding to potential overidentifcation problems, the number of
parameters must be to taken into account in the goodness-of-ft tests.
22. For more information about this database, see Onrubia et al. (2011), Onrubia and Picos (2012) and Pérez et
al. (2018).
23. The common fscal regime excludes the Autonomous Communities of the Basque Country and Navarre, which
have separate personal income tax systems.
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24. Combining marital status and the taxation regime (individual or joint fling), Spanish PIT Law differentiates
four categories of tax unit: unmarried individuals (irrespective of whether the individual is single, separate,
divorced or widowed); single-parent families (unmarried individuals with children under the age of 18, excluding unmarried couples living together); married couples with one income earner (fling jointly); and married
couples with two income earners (with each spouse fling separately).
25. Dependent descendants and ascendants can be identifed from the tax returns within the Spanish Institute for
Fiscal Studies Personal Income Tax Panel.
26. See OECD (2019).
27. The “savings base” was called “special base” in the PIT system applied between the years 1996 and 2006.
28. We make a distinction between two levels of gross income: from 0 to 100,000 euro and from 100,000 to
300,000 euro. For the frst level, the optimal divisions have been set at 500 euro, 327 euro, 360 euro, and 370
euro, respectively for monetary and equivalent income distributions applying the OECD, OECD modifed and
square root scales. And for the second level, the optimal intervals have been set, respectively, at 2,700, 4,100,
3,700 and 3,600 euro.
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Resumen
El objetivo de este artículo es evaluar la inequidad horizontal (IH) causada por la introducción de una
estructura (semi-) dual para el impuesto sobre la renta personal español (IRPF), usando funciones cópula para su medición. A partir de la metodología seguida por Bø, Lambert and Thoresen (2012), se
estiman las cópulas arquimedianas de Clayton, Frank y Gumbel para cuantifcar el impacto sobre la IH
de la reforma del IRPF de 2007, comparándolo con el correspondiente al diseño previo de 2006. Para
identifcar posibles efectos de anticipación y adaptación a la reforma, el análisis se extiende al periodo
2004-2010. En la investigación se han empleado los microdatos correspondientes al Panel de Declarantes de IRPF del Instituto de Estudios Fiscales. Los resultados obtenidos revelan dos efectos de la
reforma sobre la IH, en dirección opuesta: mientras la división de la base imponible en dos bases (una
gravada a un tipo proporcional) aumenta la IH, la transformación de los mínimos exentos personales y
familiares en deducciones de la cuota, la reduce. El predominio de un efecto sobre el otro depende de
la escala de equivalencia aplicada.
Palabras clave: impuesto dual sobre la renta, IRPF, equidad horizontal, funciones cópula, reranking.
Clasifcación JEL: D31, D63, H31

