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Abstract

Generalizing the tax reform approach of Laroque (2005), Kaplow (2006) and Hellwig (2009), we show
that for any arbitrary income tax system differential commodity taxation can be Pareto-dominated by
a uniform rate with a suitably reformed income tax. Under particular preference specifications, we
derive the explicit income tax reforms required in an representative-agent economy and when there is
linear progressive, piecewise linear and nonlinear income taxation. Optimal uniform commodity results
of Sandmo (1974), Atkinson and Stiglitz (1976) and Deaton (1979) apply with involuntary unemploy-
ment and when individuals differ in preferences for leisure and make extensive labour supply decisions.
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1. Introduction

The choice of a commodity tax structure is one of the oldest issues in optimal tax analysis
and has led to some of the most policy-influential results. The seminal optimal tax paper by
Ramsey (1927) introduced the famous inverse-elasticity rule, which has been of continuing
relevance for the design of excise taxes as well as for public utility pricing. Corlett and Hague
(1953) refined the Ramsey analysis by showing that commodity tax rates should be higher
for goods most complementary in consumption with leisure. This Corlett-Hague Theorem
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has been used in various contexts to explain how taxes should deviate from uniformity. An
example is its role in explaining whether future consumption should be taxed more heavily
than current consumption (Atkinson and Sandmo, 1980; Banks and Diamond, 2010).

With the advent of optimal income tax analysis following Mirrlees (1971), Atkinson
(1973), Diamond (1980) and Stiglitz (1982), commodity taxation has assumed more of a sup-
porting role. With some exceptions, the emphasis has been on deriving circumstances under
which commodity taxes should be uniform.! Then, they could either be dispensed with entire-
ly by subsuming them as part of the income tax system, or if separate commodity taxes were
maintained, they could be broad-based value-added taxes with uniform rates to minimize costs
of collection and compliance. Three key results on the uniformity of commodity taxes were
derived by Sandmo (1974, 1976), Atkinson and Stiglitz (1976) and Deaton (1979). Sandmo
showed that in a representative-agent setting, optimal Ramsey commodity taxes should be
uniform if preferences are weakly separable in goods and leisure and homothetic in goods.
The Atkinson-Stiglitz Theorem showed that if preferences are weakly separable in goods and
leisure and identical for all persons, optimal commodity taxes should be uniform if nonlin-
ear income taxes are optimal.> The Deaton Theorem showed that if the government were
restricted to an optimal linear progressive income tax, commodity taxes should be uniform if
preferences are weakly separable in goods and leisure and quasi-homothetic in goods. Qua-
si-homothetic preferences are homothetic to any point, not necessarily the origin. They lead to
linear Engel curves for all goods that are the same for all individuals (Gorman, 1961; Deaton
and Muellbauer, 1980).

These results have been influential for tax policy purposes, but they are restrictive in some
important senses. First, they were derived under the assumption that income taxes are set op-
timally. Second, they were derived under the assumption that individuals have the same utility
functions. Finally, they apply for the extreme cases in which the government can use either ful-
ly nonlinear income taxation or linear progressive income taxation. These two cases rule out the
form of income taxation governments typically use, which is piecewise linear income taxation.

Recent literature has generalized the Atkinson-Stiglitz and Deaton Theorems to address
these restrictions. First, Laroque (2005) and Kaplow (2006) showed that a version of the
Atkinson-Stiglitz Theorem applies even if the nonlinear income tax is not optimal. Starting
from an arbitrary nonlinear income tax and differential commodity taxes, a Pareto-improving
tax reform combining a move to uniform commodity taxation and a reformed nonlinear in-
come tax is feasible if preferences are weakly separable. Mirrlees et al. (2011) drew on these
results to argue in favour of a VAT with uniform tax rates.®> Second, Hellwig (2009) proved
a parallel generalization of the Deaton Theorem. Starting with differential commodity tax-
es and an arbitrary linear progressive income tax, a Pareto-improving tax reform involving
a move to uniform commodity taxes and a reform of the linear progressive income tax is
feasible if preferences are separable in goods and leisure and quasi-homothetic in goods. Re-
cently, Boadway and Cuff (2022) have generalized Deaton (1979) and Hellwig (2009). Both
results apply if the income tax is piecewise linear. As well, they apply if individuals have
different preferences for leisure, and if incomes are determined under different labour market
assumptions, including extensive labour supply choices and involuntary unemployment.
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Laroque, Kaplow, Hellwig, and Boadway and Cuff derive their results using a similar
methodology. In this paper, we exploit this methodology to synthesize existing results and to
extend them to other cases. We show that the types of income tax reforms required to obtain
Pareto-improvements when commodity taxes are made uniform take a common form in the
various applications. An important advantage of this methodology is that it only involves
evaluating Pareto-improving tax reforms and does not require specifying a social welfare
function unlike with the standard optimal tax approach. Therefore, our results are of greater
generality than the Atkinson-Stiglitz and Deaton Theorems.

2. The Setting

We begin by setting out the general features of the economy. Individuals can differ in
some innate characteristics that affects the amount of income they choose to earn. Individual
differences may reflect differences in the cost of labour force participation as in the exten-
sive-margin labour supply literature (Diamond, 1980; Saez, 2002), differences in wage rates
as in the intensive-margin literature (Mirrlees, 1971), or differences in preferences for leisure
(Cuft, 2000; Boadway et al., 2000; Choné and Laroque, 2010; Fleurbaey and Maniquet,
2011). Individuals may either participate in the labour market and earn income by supplying
labour, or they may be unemployed. The reason for unemployment need not be specified,
but it could be voluntary — individuals choose not to work — or involuntary — they are una-
ble to work or unable to find a job. An individual’s labour supply decision could depend on
both their productivity (wage rate) and their preferences for leisure. Individuals spend their
income on a vector of consumption goods. We assume preferences are weakly separable in
goods versus both labour and a public good.

More precisely, there are N individuals who participate in the labour market and earn a
positive income. Participants are indexed by 7 such that those with higher i have higher income
v, that is, y™*1> /.5 Higher incomes can be due to higher productivities (wage rates) or lower
preferences for leisure. Those who do not participate in the labour market earn zero income.
Such individuals may be unemployed because they are unable to work, choose not to work, or
are involuntarily unemployed. We call these individuals collectively non-participants.

There are m goods, denoted by x; for j =1, ---, m, which are produced by a linear technol-
ogy using only labour as an input. Individuals’ income is their effective labour supply or the
output they produce. Individual preferences can be represented by a strictly quasi-concave
utility function that is weakly separable in consumption goods versus income and a pure
public good. For participant i, utility is given by u/(¢p(x4, *+, X,,), ¥, 9),¢ and for any non-partic-
ipant, utility is u0(¢(x1, X, ), 0,9).7 In the special case of the Mirrlees (1971) model of op-
timal income taxation where individuals differ only in their wage rate w, utility can be written
ul(p(xy, -+, X,), /W, g). Importantly, we assume that the sub-utility function ¢(xq, -+, X,,) is
identical for all individuals, and in some settings, it is quasi-homothetic or homothetic.

The government imposes an income tax and a set of commodity taxes. We assume that
the income tax can take a general nonlinear form, T(y), with T(0) < 0 and marginal tax rates
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T(y). Following Saez et al. (2012), we define 1 - T'(y) as the net-of-tax rate. We also con-
sider restricted income tax systems as described further below. Commodity taxes on the m
goods are at the ad valorem rates T = (74, -+, Tp, T,,)- Let consumer prices be q;= (1+ ‘rj)pj
for j=1,---,m, where p; are producer prices, and define q =(q4, -+, q,,) and p=(p,***, D)
as the vectors of consumer and producer prices, respectively. Since the technology is linear,
producer prices are fixed. The budget constraints for non-participants and participants are

m m
Zq}-x}) =-T(0) =d°, qu =y -T(yH=d, i=1-,N )
j=1 j=1

where d° and d' refer to disposable incomes.

Individual outcomes are determined in sequence, with earlier decisions anticipating later
outcomes. First, participation in the labour market is determined, either by individual choice
or involuntarily. Next, those who decide to participate choose labour supply and therefore
earnings on which they pay taxes. Non-participants receive a transfer from the government.
Finally, both participants and non-participants choose how to spend their disposable incomes
on the m goods. Our analysis is agnostic about how income is determined.

Since utility is weakly separable in goods and the sub-utility function ¢(-) is the same for
all persons, we can solve the inner problem for an individual with given disposable income d":

m
max  p(xq, 0, %) St quxj =d", h=01,-,N )
X1, X o Xom) =

where the superscript ‘h’ includes both participants and non-participants. This yields uncom-
pensated demands x(q, dhy = (x1(q, dh ) Xm(q, dh )) and indirect sub-utility

V(q:dh) = ¢(x1(q1 dh)!"'ixm(quh))- 3

By separability, the demand for goods does not depend on g. An individual’s choice of
h .
Yy solves:

max u"(v(q,d"),y,g)
{3
where d" satisfies (1) and includes both participants and non-participants.

For the special case used by Deaton (1979) to study uniform commodity taxation when
a linear progressive income tax is used, the sub-utility of goods is quasi-homothetic. In this
case, indirect sub-utility in (3) can be written:

V(CL dh) = ﬂ(Q) + lp(q)dh; h = 0I1P PN (4)
Using Roy’s Theorem, commodity demands can be written as follows:
h_

e, (@ +Yg,(@d" p=01,.. N
xt=—

T Y(q) © o j=1,-,m )
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Thus, Engel curves are linear in disposable incomes and have the same slopes and in-
tercepts for all individuals. If the sub-utility of goods is homothetic, then u(-) = 0, so indirect
sub-utility and commodity demands become
_Yg(@ g h=01N

¥(q) j=1-m

We will refer to these special cases in what follows.

v(q,d") = p(q)d", xf' = (6)

Our analysis takes the form of a tax reform. We begin with a status quo policy situation
in which the government imposes an arbitrary income tax system T(y), a set of differential
commodity taxes T, with 7;# 7, for at least one combination of I, k, and a public good g. We
denote the status quo choices of goods and income for a type-h individual as x(s) and y" > 0.
The value function for the sub-utility problem (2) is denoted

w"(s) =v(q,d"), h=0,1,-,N 7

Then, for various forms of T(y), we show conditions under which the status quo allo-
cation can be Pareto-dominated by moving to uniform commodity taxes and a suitably re-
formed income tax. We derive and interpret the income tax reforms that must accompany the
move to uniform commodity taxes. We consider various cases which have their parallels in
the literature: identical individuals (characterized by a representative individual), and heter-
ogeneous households facing i) a linear progressive income tax, ii) a piecewise linear income
tax and iii) a nonlinear income tax. The results we present have their counterparts in Sandmo
(1976), Atkinson and Stiglitz (1976), Deaton (1979), and Boadway and Cuff (2022).

Our method of tax reform analysis is similar in all cases and is a refinement of that
initiated by Laroque (2005) and Kaplow (2006) for the Mirrlees optimal nonlinear income
tax setting, and extended to linear progressive taxes by Hellwig (2009) and piecewise linear
income taxes by Boadway and Cuff (2022). It consists of three steps. First, the differential
commodity taxes are replaced by a uniform commodity tax system holding sub-utility con-
stant. Second, the income tax is reformed such that all individuals can —and will — choose the
status quo income level and achieve the status quo sub-utility of goods. Third, it is shown that
the government has surplus tax revenue from the above tax reforms and can use it to achieve
a Pareto improvement.

3. Identical Individuals

This case is the counterpart to the Corlett and Hague (1953) analysis. A representative
taxpayer supplies labour and consumes two goods, and initially faces a uniform commodity
tax system. Lump-sum taxes are ruled out since they would dominate. They derive conditions
under which commodity taxes should deviate from uniformity with tax revenue held constant.
They obtain the Corlett-Hague Theorem: the commodity tax rate should be increased on the
good which is more complementary with leisure and decreased on the other. Sandmo (1976)
showed that if preferences are homothetic, taxes should not deviate from uniformity. Our
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approach is to begin with differentiated commodity taxes and an arbitrary proportional income
tax and show that when preferences are homothetic, tax reform should move to uniform com-
modity taxes. This representative taxpayer case (or more properly the case of many identical
individuals) serves as an introduction to the tax reform approach that we apply to other cases.

The status quo problem for the representative individual is:

m

max w(p(xr, %5, Xm), ¥, 9) st Z qjx =1 -1t)y (8)
Jj=1

where ¢ is the proportional income tax and g;= (1 + 7;)p;, with 7;# T for at least some L k.

Here, the net-of-tax rate, 1 - t, is the same for all individuals and (1 - t)y is disposable income.

Given separable preferences in consumption goods, the representative individual with
disposable income (1 - t)y chooses x that solves the same inner problem (2) as above. This
yields uncompensated demands x(q, (1 -t)y) and indirect sub-utility v(q, (1 -t)y). We as-
sume homothetic preferences over goods, so indirect sub-utility and commodity demands
satisfy (6). Optimal demands are linear and go through the origin. Relative commodity de-
mands will therefore be independent of income.

The representative individual’s choice of y then solves:

max u@(@1 -t)y,y, 9).
v}

As above, the solution to the status quo problem is denoted by xj(s), j=1,---,m, and y(s)
with indirect sub-utility (from (6) and (7))

w(s) =@ -0y ©)
for all levels of disposable income (1 - t)y.

We show, following Sandmo (1976),® that we can achieve a Pareto improvement over the
status quo by moving to an arbitrary uniform commodity tax (7; =1 for all j) and an alternate
proportional income tax £ which will depend on 7. The combination of T and £ is indeterminant.

Proposition 1. Identical Individuals (Sandmo, 1974 and 1976).

Assume the utility function for the representative individual takes the form u(¢(X),y,g)
where sub-utility ¢(X) is homothetic. Let (X(S),y(s),g) be the allocation under an arbitrary
proportional income tax t, with differential commodity taxes T. Another allocation can be
implemented by a uniform commodity tax T and a proportional change in the net-of-tax rate
that gives the same utilities as the allocation (X(s),Y(S),g) and generates more government
tax revenues. The additional revenues can be used to make a strict Pareto improvement.

As mentioned, the proof proceeds in three steps. First, differential commodity taxes are
replaced by a uniform commodity tax holding sub-utility constant. Second, the proportional in-
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come tax is changed so that the representative individual can attain the status quo level of utility
under the uniform commodity tax system. Third, we show that the government obtains addi-
tional tax revenue from the first two steps and can use it to make a Pareto improvement. Note
that when the income tax is proportional, a change in the uniform commodity tax rate will have
the same effect on the individual’s budget constraint as a change in the proportional income
tax rate. Consequently, our proof can also be applied by eliminating all differential commodity
taxes and then adjusting the uniform commodity tax rate to achieve a Pareto improvement.

Step 1. Replacement of differential commodity taxes.

Suppose the government replaces the differential commodity tax system with a uniform
commodity tax at the rate 7. Consider the following problem which minimizes consumption
expenditure under the uniform commodity tax subject to attaining the same level of sub-util-
ity as in the original allocation/tax system.

rgqir}lZ(l +Dpjx; st p(xg, -, xp) = w(s)
xj} L=
J

where w(s) satisfies (9). The solution is

2((1+0p,0()) = (£((1 + 0P, (), -+, 2n((1 + P, 0(5))),

and minimized total expenditures satisfy
e((1+Dp,0®) = Y A +0p3(A+0p,0(6)) < Y A+ ()
J J
for any other commodity choices x; satisfying ¢(xy, -+, X,,,) = w(s). This implies

> o5+ Dpw) < Y 93 (11)
7 j

where xj(s), j=1,---, m are the optimal demands in the status quo. That is, the commodity bun-
dle X((1 + 7)p, w(s)) takes less resources to produce than the status quo bundle x(q, (1 - t)y),
and both bundles achieve the same level of sub-utility w(s).

Step 2. Adjustment of the income tax.

By duality of the individual’s inner problem, (2), we have the following relationship un-
der the uniform commodity tax

\Y ((1 +17)p, e((l + ‘r)p,a)(s))) = w(s)

since the expenditure function satisfies e((1 + 7)p, w(s)) = (1 - t)y. Given that sub-utility ¢(-)
is homothetic, we can rewrite this using (6) as follows:

P(A+0p)-e(A+Dp,0s) = w(s) = (@1 -y



86 ROBIN BOADWAY AND KATHERINE CUFF

where the last equality follows from (9). Therefore, the minimized expenditure needed when
there is a uniform commodity tax to achieve the same sub-utility as in the status quo is:

Y(q)
e((1+ , =——([1 -t)y. 12
(A +Dp,0s) " GE) (1-0y (12)
Suppose the reformed income tax satisfies
R Y(q)

l1-t=——""——=0-1). 13
W((L+0p) (1-1) 13)

Using (13) and the definition of e((1 + 7)p, w(s)) from (10), we can rewrite (12) as
Z(l +0)p; & = (1 - Dy. (14)

J

After the tax reform, the representative individual with income y can purchase the bundle
of goods X with a uniform commodity tax and achieve the same level of sub-utility as in the
status quo. The individual’s choice of income in the adjusted tax system is given by

max u(v(@+op, A -Dy),y.9)
Since by construction, we have for any y

V(‘L (1 - f)}’) = V((l + T)p' (1 - f)y)’
the representative individual will choose y and be just as well off as in the status quo.

The form of the income tax rate change in (13) is intuitive and reappears in the other cas-
es considered below. The net-of-tax rate terms 1 - t and 1 - £ are the slopes of the individual’s
budget line. They represent the rates at which income can be converted to consumption and
reflect the size of the labour-consumption distortion. The change in the net-of-tax rate 1 -t
in Step 2 required to compensate for the change in commodity taxation in Step 1 is given by
Y(q)/Y((1+7)p) in (13). This is an index of the difference in consumer prices before and
after the commodity tax reform.

Step 3. Effect on tax revenues.

The government budget constraint — or equivalently, the economy’s resource constraint—
before and after the tax reform can be written:

’pgg=y—zpjxj(5)<3’_zpj’?j
j J

where p,, is the per unit cost of g, y is total output, » jP;X; is total consumption, and the ine-
quality follows from (11). Therefore, the government has extra tax revenue that can be used
to increase the public good and achieve a Pareto improvement.
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Proposition 1 holds for any arbitrary income tax, including the optimal proportional
tax. Therefore, we have shown that with identical individuals who have preferences that are
weakly separable in goods versus leisure and a public good, and are homothetic in goods,
the optimal commodity tax rate is uniform (Sandmo, 1976). With homothetic preferences for
goods, the needed adjustment to the income tax is a proportional change in the net-of-tax rate
in Step 2. This instead could be achieved by adjusting the uniform commodity tax rate after
eliminating the differential taxes and leaving the income tax rate unchanged.’

4. Linear progressive income taxation

Now suppose individuals are heterogeneous and their differences give rise to differences
in income. They could differ in productivity as in the standard Mirrleesian model (Mirrlees,
1971), or they could differ in preferences for leisure (Cuff, 2000; Boadway er al., 2000;
Choné and Laroque, 2010; Fleurbaey and Maniquet, 2011). They may freely choose their
incomes by varying their labour supply along the intensive or extensive margin (Diamond,
1980; Saez, 2002), or their choices may be constrained by the possibility of involuntary un-
employment due to search frictions or efficiency wages (Hungerbiihler et al., 2006; Lehmann
et al., 2011; Boadway and Cuff, 2014; Jacquet et al., 2014; Kroft et al., 2020) or a minimum
wage (Hungerbiihler and Lehmann, 2009). Our analysis applies whatever mechanisms deter-
mine labour incomes.

In this section, we assume that government tax instruments are restricted to commodity
taxes T and a linear progressive income tax with a marginal tax rate t and a lump-sum transfer
a. The net-of-tax rate 1 -t is again the same for all individuals. We begin with a status quo
allocation under an arbitrary linear progressive tax and differential commodity taxes, and we
consider circumstances under which the move to uniform commodity taxes accompanied by
areform of the income tax can be Pareto-improving. We draw on Deaton (1979), who showed
that when preferences are quasi-homothetic in goods and the income tax is constrained to be
linear progressive, commodity taxes will be uniform in the optimum. The analysis we present
generalizes that of Hellwig (2009).

Although we are dealing with an economy consisting of heterogeneous individuals, there
is no need to specify a social welfare function as we consider only Pareto-improving tax re-
forms. This is advantageous because we can avoid the conceptually difficult task of specify-
ing social weights when individuals differ in preferences for leisure (Cuff, 2000; Boadway et
al., 2000; Fleurbaey and Maniquet, 2011). Nonetheless, the results we obtain on Pareto-im-
proving tax reforms allow us to infer as a corollary that if taxes were set optimally using a
social welfare function, uniform commodity taxes would be optimal.

Utility functions for participants and non-participants are u/(¢p(xq,,X,,),,g) and
uo(d)(xl, =+ Xm), 0,g) as above, where sub-utility functions ¢(X) are identical for all indi-
viduals but overall utility functions can differ because of different preferences for leisure
(or possibly for the public good). Participants’ incomes y' can be determined from different
models of labour markets as mentioned, and we assume individuals are indexed such that
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¥ *1>yl Our assumption that there is only one individual who chooses any given income
level is without loss of generality. Having an arbitrary number of individuals choosing any
given level of income would not affect the results. The budget constraints (1) for non-partic-
ipants and participants are:

quxf =a=d° quxji =(1-t)y'+a=d, i=1,-,N (15)
Jj J

Individual outcomes are determined in sequence, with earlier decisions anticipating later
outcomes. First, participation in the labour market is determined, either by individual choice
or involuntarily. Then, those who decide to participate choose labour supply and therefore
earnings on which they pay taxes. Non-participants receive a transfer from the government.
Finally, both participants and non-participants choose how to spend their disposable incomes
on the m goods.

With separable preferences in consumption goods, an individual with disposable income
d" chooses x that solves the same inner problem (2) as above. This yields uncompensated
demands x(q, d") and indirect sub-utility v(q, d"y where h=0,1, -, N includes both partici-
pants and non-participants. We assume quasi-homothetic preferences over goods, so indirect
sub-utility satisfies (4) and demands for goods are given by (5).

In our initial —or status quo— policy setting, the government chooses an arbitrary linear
progressive income tax system with parameters (q, t) and differential commodity taxes t. The
allocations chosen in the status quo are yi(s) and x/(s) for participants i=1, ---, N, and x0(s) for
non-participants. The values of the sub-utility functions in the status quo are:

w°(s) = p(x°(s)); wi(s) = ¢ (xi(s)), i=1-,N (16)
Proposition 2. Linear Progressive Tax System (Deaton, 1979).

Assume utility functions for participants and non-participants take the forms u'(¢(x),y,g)
and u°(¢(x),0,g) where sub-utility ¢(X) is quasi-homothetic. Let (X''(s),y"(s),g) be the al-
location of individual h for h=0,1,---, N under an arbitrary linear progressive income tax
system (a, t) with differential commodity taxes T. Another allocation can be implemented by a
uniform commodity tax rate T, a proportionate change in the net-of-tax rate and a change in
the lump-sum transfer that gives the same utilities as the allocation (x"(s),y"(s), g) and gen-
erates more government tax revenues which can be used to make a strict Pareto improvement.

The proof of Proposition 2 follows the same three steps as Proposition 1. However, there
are now N+ 1 participants and non-participants, and the three steps apply to each type-h.
Step 1, which involves replacing differential with uniform commodity taxes and solves for
the commodity demands that yield the status quo sub-utility, is virtually identical. Egs. (10)
and (11) for the expenditure function and costs of production become:

e((1+1)p, 0(s)) = Z(l + T)pja?}-h((l +1D)p, w"(s)). a17)
j
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and

Z p; (1 +Dp,0"(s)) < Z p; % (s) (18)
5 j

Fewer resources are required to produce fh((1+ T)p, wh(s)) than to produce the status
quo allocation x"(s) when both commodity bundles yield the same sub-utility.

Step 2. Adjustment of the linear progressive income tax.

For each individual h, the Step 1 compensated demands £((1 + 1)p, w"(s)) —which
yields the same sub-utility as the status quo allocation— combined with the status quo income
¥"'(s) yields the same level of utility as in the status quo. We now show that this allocation can
be implemented for all individuals with uniform commodity taxes, 7, and a reformed linear
progressive income tax (d, t).

Since sub-utility ¢(x) is the same in the Step 1 problem as in the status quo, we can write
(4) for the Step 1 problem with uniform commodity taxes as:

w"(s) = u((1+0p) + (1 +p)e((1 + )p, 0"(s)), h=0,1,--,N (19

where e((1 + T)p, w"(s)), defined by (17), is the amount of expenditures required to finance
the Step 1 bundle of goods %h. Using (4) for w"(s) and (17) for e((1 + T)p, w"(s)), we obtain:

Z(1+r)p,2-"=“(q)_”((1+ﬂp)+ LAC R 0
Jj

p(@+op) (A +0p)
Substituting for non-participant and participants’ disposable incomes d" from (15) yields:

o k(@ —p((1+0p) Y(q)
Z(l R A (s ™ BT (RS @D

@ -p(@+0p) Y@ —Oyital, i=1,-
Z(l+r)pjxj— ron) oy @ el i LN ()

Consider an alternative income tax system (d, £) and suppose it is related to the original
tax system (a, t) as follows:

1(q) — u((1+1)p) ¥(q)

a= 23

=T @rop) e ton” 9
,__ Y@@ B

1-t= (D) (1-1) 24)

Substituting (23) and (24) into (21) and (22) gives:
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s0 _ A~
Z(l +0p; % =a, (25)
Jj

DA+ Y ==y +a i=1 N, 26)

These are the same budget constraints as in (15) with the new tax system and uniform
commodity taxes. By construction, (25) and (26) show that each individual h faced with the
new income tax system and uniform commodity taxes can choose the original income level
¥"(s) and the goods in the post-reform situation & that minimize production costs and yield
the status quo sub-utility, w"(s). Further, since individual utility depends only on the value of
the sub-utility of goods individuals will make the same participation and income choices as
in the status quo. Therefore, they will obtain the same utility level as in the status quo.

As Step 1 indicates, if individuals choose the bundle & fewer resources are required and
they are as well-off as in the original tax system. This means that the government has extra
resource available that could be used to increase social welfare in Step 3. The government
budget constraint, which is equivalent to the economy’s aggregate resource constraint, can be
written as follows in the initial and final situations:!°

Pgg = th(s) - Zij X' (s) < Zy”(S) - Zzpj &' 27)
h h h h j

where the inequality follows from (18).

The above proof is based on a revealed preference argument and does not require differen-
tiability in income. Step 1 applies whatever incomes taxpayers choose in the initial allocation,
including if they choose not to work or are unable to work. Step 2 then shows that the incomes
chosen in the initial allocation can still be supported after differential commodity taxes are
made uniform and the income tax suitably reformed. All individuals choose the pre-reform in-
come level and the bundle of goods yielding the pre-reform sub-utility level. Step 3 shows that
the government has additional tax revenues that it can use to achieve a Pareto improvement.

The intuition is as follows: The replacement of the differential commodity taxes with
a uniform rate results in a change in the relative price of goods versus labour and a change
in total commodity taxes paid. These two effects are offset by changes in the net-of-tax rate
and in the lump-sum transfer. In particular, by (24), 1 - t changes in proportion resulting in a
rotation of the budget line. The size and direction of the rotation depends on goods prices in
the status quo relative to those after the reform, reflected by ¥(q)/y((1 + t)p) which depends
on the size of T and is analogous to (13) in the identical individuals’ case. The change in a
in (23) compensates for the change in commodity tax revenues which shifts the intercept of
the budget set.

As shown in (5), with quasi-homothetic preferences over goods a change in the prices
of goods affects the demand for goods through changes in both u(-) and ¥(-). A change in
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the commodity prices will both rotate and shift Engel curves for goods. Only the latter effect
occurs with homothetic preferences. To ensure individuals can achieve the status quo level
of sub-utility with the tax reform when preferences over goods are quasi-homothetic, both
net-of-tax rate and the lump-sum transfer must adjust proportionately by the index of the
difference in commodity prices before and after the commodity tax reform. The lump-sum
component of the tax system must also adjust to compensate for the shift in demands as given
by the first term in (23). In the identical individual case, the tax system is proportional and
there is no lump-sum component to make this latter adjustment. Thus, when individuals are
identical the optimality of uniform commodity taxes holds only in the case of homothetic
preferences over goods.

We have demonstrated that the Deaton Theorem —uniform commodity taxation is opti-
mal when preferences over goods are quasi-homothetic— holds when individuals make both
extensive and intensive labour supply choices, some individuals may be unemployed and
individuals may differ in their preferences for leisure and possibly for the public good. As
homothetic preferences are a special case of quasi-homothetic preferences, that is, (7) can be
obtained from (4) by setting p(q) =0, Proposition 2 also holds with homothetic preferences.
In this case, it follows from (20) with u(q)=0 that only a proportional adjustment in dis-
posable income is required in the tax reform. This can be achieved by adjusting the uniform
commodity tax rate rather than adjusting the linear progressive income tax system.!!

5. Piecewise linear income taxation

The linear progressive income tax is simplest form of progressive income tax and has
been widely used in the literature (e. g., Atkinson, 1973; Sheshinski, 1972; Meltzer and Rich-
ard, 1981). It is however restrictive and does not correspond with tax structures typically
used. Most governments use piecewise linear income taxes which combine a lump-sum com-
ponent with multiple tax brackets. There has been relatively little analysis of the optimal tax
properties of piecewise linear income taxation, largely because results tend to be ambiguous.
Some examples include Strawczynski (1988), Sheshinski (1989), Slemrod ef al. (1994), Apps
et al. (2011) and Bastani et al. (2019). In this section, we draw on Boadway and Cuff (2022)
to show how the results of Deaton (1979) and Hellwig (2009) can be generalized to piece-
wise linear income taxation using the tax reform analysis outlined above. If preferences are
quasi-homothetic, an arbitrary piecewise linear income tax combined with differential com-
modity taxation is Pareto-dominated by a uniform commodity tax and a suitably reformed
income tax. The income tax reform involves equal proportional changes in the net-of-tax rate
for all individuals.

Consider the following piecewise linear income tax system that characterizes in a sim-
plified form many real world income tax systems. There are an arbitrary number of income
tax brackets denoted by b =1, ---, B with corresponding tax rates t; on income Yy € Fp—1, Vp]
where yo = 0. The government chooses the tax rates t=(ty, -, tp), the income bracket
thresholds ¥ = (¥4, ++, ¥, ), and a lump-sum transfer a paid to all individuals regardless of
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whether they are working. The tax liability of non-participants is —a. Participants with income
y < y; pay taxes of t;y —a while those with y > ¥, in income tax bracket b pay taxes of:

b-1 b-1
Z ek = Vi-1) + (Y = Vp-1) —a=tpy — ) (tgs1 —t)¥x —a, b=2,--,B (28)
k=1 k=1

where we have used ¥y = 0 to obtain the righthand side. Using (28), individual disposable
incomes are:

d°=a, d=(1-t)y" +a,

b-1 29)
dP = (1= t)y" + ) (tgpr —td¥x +a, b=2,-,B
k=1

where earned incomes are given by y!’ and y* for b =2, ---, B. We continue to define the net-
of-tax rate as one minus the marginal tax rate on the last dollar of income. With a piecewise
linear income tax, the net-of-tax rate varies across the different income brackets.

Individuals now differ both by their participation status, i.e., 0 or i, and by the income
bracket where their income yi is located, i.e., b=1, -, B. To capture this, we use h = {0, 1i, bi}
to refer respectively to non-participants, participant 7 in the first income tax bracket and par-
ticipant i in income tax bracket b =2, ---, B. The population of participating individuals with
incomes yi, i=1,---, N are allocated among the B tax brackets. A given tax bracket will include
persons of different incomes, with higher tax brackets containing higher-income persons.

In the status quo policy setting, the government chooses an arbitrary piecewise linear
progressive income tax system with parameters (g, t,y), and differential commodity taxes
1. Incomes and consumption vectors chosen in the status quo are again denoted by y(s)
and x/(s), and the value of the sub-utility function for a type-h individual in the status quo is
w"(s) = p(x"(s)). We assume that the sub-utility function is quasi-homothetic so the indirect
sub-utility function satisfies (4). Denote dh(s) as the disposable income in the status quo. The
status quo budget constraint of individual h ={0, 11, bi} forb=2,---,Bandi=1,---, Nis:

Z q; xjh(s) =d"(s). (30)
J

Proposition 3. Piecewise Linear Income Tax System (Boadway and Cuff, 2022).

Assume utility functions for participants and non-participants take the forms u(¢(x), v, g)
and u®((x), 0,g) where sub-utility ¢(X) is quasi-homothetic. Let xh(s), y'(s), 9) be the allo-
cation of individual h for h=0, 1i, bi under an arbitrary piecewise linear income tax system
(a,t,y), with differential commodity taxes T. Another allocation can be implemented by a
uniform commodity tax T, a common proportional change in net-of-tax rates for all tax brack-
ets holding y constant, and a change in the lump-sum transfer that gives the same utilities
as the allocation (x"(s),y"(s), g) and generates more government tax revenues which can be
used to make a strict Pareto improvement.
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The proof of Proposition 3 follows the same three steps as Proposition 2. Step 1 is in
fact identical, so both (17) and (18) hold. Fewer resources are required to produce the vec-
tor of goods chosen by individuals that achieves the status quo level of sub-utility when the
differential commodity taxes are replaced with a uniform rate than the status quo vector of
goods. The next step is to show that the allocation in which individuals choose this less re-
source-intensive vector of goods and their status quo incomes can be achieved with uniform
commodity taxes, T, and a reformed piecewise linear income tax (d, £). There is no need to
adjust income tax brackets.

Step 2. Adjustment of the piecewise linear income tax.

As in the linear progressive tax case above, we can write the value of the sub-utility
function for the Step 1 problem as (19). Using expression (17) for the expenditure function,
(19) becomes:

L) — u((1+Dp)
223(1'*")pf“7 T (@ +op)

Using (4) for the value of indirect utility w/(s) in the status quo situation, this becomes

Z(l + ol = u(q) — (@ +0p) Y(q)
J
Jj

h = {0,1i, bi}

ho_ h
+ d(s), b=2.. B

Y((1+1)p) (1 +1)p)

where the status quo disposable incomes d"(s) are given by (29) given status quo incomes
yh(s) and the original income tax system (a, t).

Consider an alternative income tax system (d, £), and suppose it is related to the original
tax system (a, t) as follows:

u(q)—u((1+r)p)+ Y(q)

a= a (32)
p(@+op) (A +0p)
A Y(a@)
1-t)=———"—@0-t¢,) for b=1,-+,B (33)
" oy(@+op)
where y remains unchanged. For any two income tax brackets b and b + 1, (33) implies:
) . Y(q)
t —ty =—F—7—= (¢ —tp). 4
b+1 ~ tp ot T)p)( b+1 ~ tp) (34)
Substituting (32)-(34) into (31) gives:
Z(l + ‘[)pj 56\19 =d, (35)

J

2(1 + PR = (1 - E)y'(s) + 4, (36)
J
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b-1

2(1 +0p &) = (1= 1,)y" () + ) (bews — bV +@, b=2,-,B. 37
7 =1

By construction, (35)-(37) show that each individual h faced with the new income tax
system and uniform commodity taxes can choose the original income level y"(s) and the
goods in the post-reform situation " that minimize production costs and yield the status quo
level of sub-utility, w"(s). Therefore, they can obtain the same utility level as in the status quo.

The intuition of this income tax reform is analogous to the linear progressive income tax
case. In Step 1, differential commodity taxes are eliminated and replaced by a uniform com-
modity tax 7. This will have two effects: a change in the relative price of goods versus labour
and a change in total commodity taxes paid. These two effects are offset by changes in the
net-of-tax rates for each income bracket and in the lump-sum transfer. In particular, by (33),
1 -t} changes in the same proportion for all tax brackets resulting in a rotation of the budget
line. The size and direction of the rotation depends on goods prices in the status quo relative
to those after the reform, reflected by (q)/y((1 + T)p) which depends on the size of t. This
is analogous to the linear progressive income tax case where by (24) there is a proportionate
change in 1 - ¢t which also depends on a similar index of the change in consumer prices. The
change in a in (32) shifts the intercept of the budget set and compensates for the change in
commodity tax revenues.

In fact, individuals of type h will choose the allocation (£((1 + T)p, w"(s)),¥"(s)). The
budget constraints (35)-(37) apply for any income level. By Step 1, when income is y the
sub-utility of consumption obtained from the bundle (1 +1)p, w"(s)) is the same as the
sub-utility wh(s) obtained under the status quo bundle x/I(s). Therefore, each point on the
budget constraints (35)-(37) give the same combination of y and ¢(x") as the corresponding
point on the original budget constraints (30). Equivalently, each value of y yields the same
value of utility to an individual under the status quo and new tax systems. The implication is
that all individuals have the same opportunities, and therefore will choose the same y after the
tax is reformed and will achieve the same level of utility.

As in the linear progressive income tax case, the aggregate resource constraints in the
status quo and reformed situations satisfy (27). These are equivalent to the government budget
constraints. Therefore, the government has more revenue after the tax reform and can make a
Pareto-improvement by increasing the lump-sum transfer a or the provision of public goods g.

6. Nonlinear income taxation

Now suppose we do not restrict the income tax schedule to be piecewise linear and in-
stead allow for any arbitrary nonlinear income tax system. Atkinson and Stiglitz (1976) show
that with the optimal nonlinear income tax system in place there is no role for differentiated
commodity taxation if preferences are weakly separable in goods versus leisure and identical
among all individuals. Uniform commodity taxation is optimal with the rate of commodity



The Case for Uniform Commodity Taxation: A Tax Reform Approach 95

taxation being indeterminate. While this result requires preferences to be weakly separable
in goods versus labour, it does not require any further structure on the sub-utility over the
set of goods. Laroque (2005) and Kaplow (2006) demonstrate that when preferences are
weakly separable in goods and leisure there is no role for differential commodity taxes even
in the presence of a non-optimal nonlinear income tax system. A Pareto improvement can
be achieved by replacing differential commodity taxes with a uniform commodity tax at an
arbitrary rate and adjusting the nonlinear income tax system.

We begin by replicating the Laroque-Kaplow analysis using our three-step approach. We
derive an explicit expression for the change in the nonlinear income tax schedule required to
generate a Pareto-improvement when uniform commodity taxes are adopted. As we have not
placed any restrictions on the sub-utility function ¢(x), the form of the changes in the income
tax are fairly general. We then consider the special case of quasi-homothetic sub-utility of
goods and show that the income tax reform required is analogous to that obtained in Prop-
ositions 2 and 3 above. That is, the net-of-tax rate should change in the same proportion for
all income levels.

Utility functions for participants and non-participants take the forms u/(¢(x),y,g) and
u0(¢(x), 0,9) where to begin with we impose no restrictions on ¢(x). Under a nonlinear in-
come tax system T(y), the budget constraint for each participant is:

qu ]-i=yi—T(yi)Edi fori=1,---,N (38)
J
and for non-participants is

Z q; x]p = —T(O) =q° (39)
J
where g;=(1+ 1;)p;. Disposable incomes are d" where h=0 denotes a non-participant and
h =i denotes a type-i participant. We again denote individual choices and level of sub-utility
in the status quo using s. The government replaces the differential commodity taxes with a
uniform commodity tax at the rate T and replaces the nonlinear income tax T(y) with T(y). We
follow the same three steps as above to characterize Pareto-improving tax reforms.

In Step 1, the differential commodity taxes are replaced with a uniform commodity tax.
The problem of minimizing expenditure to achieve the status quo level of sub-utility with the
reformed commodity taxes for individual h in Step 1 is identical to the previous cases and
yields compensated demands fj((l +7)Pp, wh(s)) for all j as well as the expenditure function
(17) and the costs of goods’ production (18) hold. That is, it takes fewer resources to supply
the bundle of goods needed to attain the status quo sub-utility level for individual h if there
are no commodity tax distortions, and this is true for all h.

Step 2 involves reform of the income tax such that all individuals can obtain the status
quo utility level. Using the budget constraints (38) and (39), we can write the budget con-
straint of a person with income y" as
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ZCIjxj =y -T@M (40)
Jj

This person obtains utility u(v(q, yh - T(yh)), yh) and consumes X/(s) in the status quo.
After the commodity tax reform, a person who consumes 3?}1 for all j and earns income y" will
achieve the same utility. The budget constraint that will support this is:

Z(l +O)p; & = y" = TOM). (41)
j

Therefore, from (40) and (41),
TGN =TGN = Y (14556 (s) = ) (1+Dp; &) “2)
j j

The income tax liability changes as the commodity taxes are reformed. If T = 0, the aggre-
gate income tax liability would have to rise to make up for the loss in aggregate commodity
tax revenues. The amount of the income tax change will differ across individuals, reflecting
individual’s different total consumption expenditure pre- and post-reform. The income tax
reform ensures that individuals can achieve their status quo level of sub-utility if they choose
their status quo level of income. As individuals’ utility depends only on the sub-utility, in-
come and public good, this implies that everyone will choose the same y", the new bundle of
goods, and be equally well off. Step 3 applies as before. The government has more revenue
after the tax reform, and it could use that revenue to obtain a Pareto-improvement.

We have shown that the Atkinson-Stiglitz Theorem —uniform commodity taxation is op-
timal when preferences over goods are weakly separable— holds when individuals make both
extensive and intensive labour supply choices, some individuals may be unemployed and
individuals may differ in their preferences for leisure and possibly for the public good. The
income tax reform in (42) is, however, very general. To obtain specific results that are com-
parable to those obtained above, consider the special case where ¢(X) is quasi-homothetic.
We obtain the following proposition.

Proposition 4. Nonlinear Income Tax System (Atkinson and Stiglitz, 1976).

Assume utility functions for participants and non-participants take the forms u(¢(x), v, g)
and u®(¢(x),0,g) where sub-utility ¢(x) is quasi-homothetic. Let (x"(s),y"(s),g) be the al-
location of individual h for h=0,i under an arbitrary nonlinear income tax system T(y),
with differential commodity taxes T. Another allocation can be implemented using a uniform
commodity tax T, a common proportional change in the net-of-tax rate at every income level,
and a change in income transfer to those with zero income that gives the same utilities as the
allocation (X(s), yh(s), g) and generates more government tax revenues which can be used to
make a strict Pareto improvement.

We again follow the same three steps. In Step 1, the differential commodity taxes are
replaced with a uniform commodity tax. The problem of minimizing expenditure to achieve
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the status quo level of sub-utility with the reformed commodity taxes for individual h in Step
1 is identical to the previous cases and yields compensated demand J?j((l +1)p, w(s)) for all
j and the expenditure function (17) and the costs of goods’ production (18).

Step 2. Adjustment of the nonlinear income tax system.

Given that ¢(X) is quasi-homothetic, we can invert the indirect sub-utility function when
there is a uniform commodity tax to obtain

w"(s) —u((1+1p)
Y((1+1p)

e((1+Dp, ")) = Z(l +0p; R =
7

Substituting in the expression for w”(s) yields:

1@+ @O -TO"M) —u(@+ r)p)
Z(l +Op ' = 1/’((1 n T)p) (43)

J
After the tax reform, an individual who consumes 2}1 for all j and earns income y"(s)
will achieve the same utility as in the status quo. The budget constraint that supports this is:

Z(l +Op; & =y" -TO" (44)
j
where T(y) is the post-reform income tax system. It follows from (43) and (44) that
n@-p(@+9p)  v@
p(@+op)  Y(@+op

By construction, (45) holds for any income level.

ECOE ] " =TOM). (45)

To determine how the income tax schedule must be adjusted, we first evaluate (45) at
¥%=0 to obtain

u(@) —u((1+op) )
(1 +p) (1 +op)

Second, we totally differentiate (45) with respect to income and evaluate the resulting
expression at y = y" to obtain:

-T(0) =

(=T(0)). (46)

Y(q) (1-
¥((1 +0p)

Note that (46) and (47) are analogous to (32) and (33) and have the same interpretation.
The net-of-tax rate 1-7"is changed in the same proportion at all income levels, and the
transfer to non-participants T(0) is adjusted in the same manner as the lump-sum transfer a
to change the intercept of the budget set.'?

1-T'") = T'(y")) (47)
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Egs. (46) and (47) show how the status quo income tax system can be reformed with
the elimination of differential commodity taxes such that individuals can choose the same
income as in the status quo, the vector of commodities that minimize production costs and
obtain the same level of sub-utility of goods as in their status quo. As individual utility de-
pends only on the value of this sub-utility, income and public good, individual h who faces
the reformed income tax system and a uniform commodity tax will make the same income
choices as the status quo. As the commodity choices of individuals uses less resources than
the status quo, the government has additional resources that it can use to increase the public
good and make everyone better off.

The above result implies the Atkinson-Stiglitz Theorem. If in the initial situation, non-
linear income taxes are optimized but commodity taxes are differential, a Pareto-improving
tax reform involving a move to uniform commodity taxes is possible. Therefore, in the full
optimum, commodity taxes should be uniform. The level of the optimal uniform commodity
tax rate is indeterminate, which implies that the structure of the optimal nonlinear income tax
will also be indeterminate. However, the combined commodity tax and income tax schedule
will be unique. If the optimal tax structure is in place, the optimum will be preserved if the
commodity tax rate is increased and all income tax rates are reduced in the same proportion.
As noted by Edwards et al. (1994), what is relevant is the effective marginal tax rate on labour
income which includes both the income and commodity tax rates.

7. Extensions

7.1. Quasi-homothetic in a subset of goods

We have shown that if preferences over goods are quasi-homothetic, a Pareto improve-
ment can be achieved by replacing differential commodity taxes with a uniform rate and
reforming the income tax by adjusting the net-of-tax rate at each income level in the same
proportion and the tax liability of those earning zero income. This holds regardless of the
assumed structure of the income tax system. We now show it also holds if preferences are
quasi-homothetic and identical over only a subset of goods, while preferences for goods
outside of the subset may differ among individuals even for those with the same income. In
this case, a Pareto improvement can be achieved by eliminating commodity distortions for
that subset of goods only, adjusting the net-of-tax rate at each income level proportionately
and the tax liability of those with zero earned income (as before), and adjusting the com-
modity taxes on the remainder of the goods. As the result holds regardless of the assumed
structure of the income tax system, we focus on an arbitrary, possibly nonlinear, income
tax system.

Suppose utility is weakly separable and quasi-homothetic in a subset of goods k € Q,
SO can be written as ui((]b(XQ), X yi, g) for participants i=1,---, N and u0(¢(xQ), Xy, 0,9) for
nonparticipants, where X, is the vector of goods in the subset @, X is the subset of the rest
of the goods j€ M, and ¢ (X)) is quasi-homothetic. The allocation obtained under an arbitrary
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income tax T(y) and differential commodity taxes can be Pareto-dominated by an allocation
where commodity tax rates on goods X are uniform and the income tax and the commodity
taxes on X, are suitably reformed.

We show this in Appendix A by following the same three steps as above. In Step 1, we
replace the differential commodity taxes on goods in Q with a uniform rate 7 and determine
the minimum expenditure needed to achieve the status quo level of sub-utility over the subset
of Q goods given that individuals choose the status quo level of income and goods outside the
subset Q. In Step 2, we adjust the income tax system and commodity taxes on other goods
such that for a person who consumes the original x}l for all j € M, and who earns income y"(s)
will achieve the same utility as the status quo. Assuming ¢(X) is quasi-homothetic, the ad-
justment to the income tax system is again given by (46) and (47), and the adjustment in the
commodity prices of the goods outside subset Q is given by

4, = ¥(40)
"y (a+0py)

Under this reformed tax system individuals can choose the same income and commod-
ities outside subset Q as in the status quo as well as the vector of commodities in subset Q
that achieves the status quo level of sub-utility ¢(X,) at minimized production costs. Each
individual h who faces the reformed tax system and a uniform commodity tax for goods in
subset Q will therefore choose the same income and commodity choices for those goods out-
side of subset Q as the status quo. As individual commodity choices of goods in subset Q use
less resources than the status quo, the government has additional resources that it can use to
increase the public good and make everyone better off.

qj, J € M. (48)

A direct implication is that in either the linear progressive or piecewise linear income tax
cases, if preferences are quasi-homothetic over a subset of goods, then taxing these goods at
a uniform rate Pareto-dominates taxing these goods at differential rates provided commodity
prices of all other goods can be proportionally changed and the income tax system reformed
as in the case when preferences are quasi-homothetic over all goods. This result holds even if
preferences for goods outside of the subset @ differ conditional on income.

If preferences for goods outside of Q are the same conditional on income, then with a ful-
ly nonlinear income tax system, no adjustment to the commodity prices outside of the subset
Q is needed for this result. To see this, note with weakly separable preferences in a subset of
goods @, (42) can be written as:

TOM -TH" = 2(1 + TPk Xk — Z(l +OpiRp + Z q;j xjh - z g; xjh-
Q Q M M

If there is no adjustment to commodity taxes outside of the subset, so g;={; for all j € M,
then the last two terms on the right-hand side cancel out. The adjustment to the income tax
system at any given income is all that is needed to achieve a Pareto improvement and the
adjustment given that ¢(xy,) is quasi-homothetic is as before."
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7.2. Proportional reduction in differential commodity taxation

So far, we have considered replacing differential commodity taxation with a uniform
rate and showed how the income tax system could be adjusted to achieve a Pareto improve-
ment when preferences are weakly separable in goods versus labour and quasi-homothetic
in goods. Kaplow (2006) shows, assuming weak separability of goods versus leisure and
a non-linear income tax, that Pareto improvements could be achieved with a proportional
reduction in the differential commodity taxes on all goods rather than a full movement to
uniform commodity taxation. The logic is that such a commodity tax reform along with an
adjustment to the income tax system ensures that individuals receive the same sub-utility
over goods as in the status quo, but that the chosen commodity bundle uses less resources to
produce than the status quo commodity bundle.

In Appendix B, we demonstrate this result by adjusting the commodity taxes on all goods
jby a €(0,1). Step 1 of this proof is identical to the above and the adjustment needed to the in-
come tax system to achieve a Pareto improvement when preferences over goods are quasi-ho-
mothetic is defined as above. Therefore, all of our results generalize to a proportional reduction
in differential commodity taxes rather than a full movement to uniform commodity taxation.

8. Concluding remarks

The issue of when commodity tax rates should be uniform has been a recurrent theme in
the optimal taxation literature and is of considerable importance for tax policy. Most coun-
tries have adopted VAT systems whose tax administration is considerably simplified to the
extent that tax rates are uniform (Wilson, 1989; Slemrod, 1990; Belan et al., 2008; Gauthier,
2013). The Mirrlees Review (2011) advocated for a fully uniform VAT, relying on the optimal
tax literature for justification. In this paper, we provided a synthesis of the case for uniform
commodity taxation based on a tax reform approach. While such an approach goes back to
the well-known Corlett and Hague (1953) analysis for a representative agent economy, recent
papers by Laroque (2005), Kaplow (2006) and Hellwig (2009) adopt a tax reform approach to
generalize the Atkinson-Stiglitz and Deaton Theorems on uniform commodity taxation in an
optimal income tax setting. They derive circumstances under which, starting with differential
commodity taxes and an arbitrary income tax system, a change to uniform commodity taxes
and a reform of the income tax system can be Pareto-improving. In the case where the income
tax is nonlinear, weak separability of goods versus leisure is sufficient for a Pareto-improving
tax reform. If the income tax is linear progressive, a sufficient condition is that preferences be
weakly separable in goods versus leisure and quasi-homothetic in goods.

We have synthesized and generalized these approaches in a number of directions. First,
we showed how the Pareto-improving tax reform approach to uniform commodity taxes ap-
plies to the representative agent case where income taxation is proportional and to the het-
erogeneous individual case when the income tax is restricted to be piecewise-linear. In the
former case, a sufficient condition is that preferences be homothetic in goods, while in the
latter case, preferences can be quasi-homothetic in goods.
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Second, we showed how a common methodology applies to the tax reforms in all of
these cases. This methodology allows us to derive explicit expressions for how the income
tax should be reformed when commodity taxes are changed to be uniform.

Third, our analysis shows that the main restriction required to ensure the possibility of a
Pareto-improving tax reform to uniform commodity taxes is identical preferences over goods
by all individuals. Otherwise, the features of the economy can vary in a number of key ways.
Our results apply regardless of the nature of labour supply. Individuals can vary their labour
supply along the extensive as well as the intensive margin. Some of them may be involun-
tarily unemployed. As well, preferences for leisure can vary among individuals unlike in the
Atkinson-Stiglitz (1976) and Deaton (1979) analyses. Finally, individuals may choose corner
solution in labour supply, for example, when the income tax is piecewise linear.

Fourth, we showed that the results generalize from fully uniform commodity taxation in
two ways. First, as Deaton (1979) and Laroque (2005) show for their particular settings, if
preferences are weakly separable in only a subset of goods, a reform to commodity tax uni-
formity over that subset of goods can be Pareto-improving. We also point out that individuals
with the same income may also have different preferences over goods outside of the subset.
Second, as Kaplow (2006) showed, Pareto-improvements are possible if all commodity taxes
are reduced proportionately rather than moving all the way to uniformity. These results apply
to the general cases we have considered.

Finally, although all our results are derived starting from arbitrary initial income taxes,
they also naturally apply if income taxes are optimal to begin with. The implication is that
provided the sufficiency conditions with respect to preferences for goods are satisfied, com-
modity taxes should be uniform if income taxes are optimal. In other words, a corollary of
our tax reform analysis is that the Atkinson-Stiglitz and Deaton Theorems both apply. As
well, the Deaton Theorem generalizes to the case of piecewise linear income taxes as we have
shown in Boadway and Cuff (2022).
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Appendix

A. Weak separability in a subset of goods

Assume there is an arbitrary income tax system, T(y") which could be a linear progres-
sive tax system, a piecewise linear tax system or a fully nonlinear income tax system. In the
status quo, the sub-utility maximization problem for individual with income y" and bundle

(X1p9) is:
max ¢(x,) s.t. Z Qexe =y —=TO" — Z q;x!
xQ
Q M
The solution gives demands X,(qq,¥" — T(y") — qux};) = x}(s) and indirect sub-
utility

v(gg, y" = TOM) — quxly) = w"(s). (49)

Step 1. Replacement of differential commodity taxes for the subset of goods.

Replace the differential commodity taxes on goods in subset Q with a uniform rate t and
consider the minimum expenditure problem for achieving the status quo level of sub-utility
over subset Q.

min Z(l +Dprxe st P(xg) = wh(s)
Q

Q

The solution is J?k(pQ, w"(s)) for all goods k € Q, and total expenditures satisfy

e ((1+0Pg () = X (1 + 0y 2 (P 0"(9)) < ) (L +Dpexs). (50
Q Q

The level of sub-utility, ¢(ﬁQ(pQ, wh(s)), is the same as in the status quo.
Step 2. Adjustment of income tax system and commodity taxes on other goods.

Since ¢ is quasi-homothetic, we can invert the indirect sub-utility function for the subset
of goods in @ when there is a uniform commodity tax to obtain

"(s) =1 ((1+D)py)
p (A +0p,)

e (14 Dpo. () = ) 1+ Op 3 =
Q

Substituting in (49) for wh(s) yields:

u(ag) +(2) " = TO™ — awxly) — 1 (1 +1pg)
Y ((1 + T)pQ)

D+ k= 51)
Q
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After the tax reform, a person who consumers X, for all k € Q and the original xjh for all
j€M, and who earns income y"(s) will achieve the same utility. The budget constraint that
will support this is:

Z(l +Op R =y -TOM - Z a;x (52)
Q M
Egs. (51) and (52) imply that
yr=TOM —Quxpy =
u —ul(@+1) (53)
(30) — e P) +— a0 O =T — quxly)
p(A+9pg)  w((+Dpy)

Consider a proportional adjustment to the consumer prices of the goods outside of the
subset Q,

G = ¥(40)
"y (a+0p)

With this adjustment, the last term on both sides of (53) cancel and the resulting expres-
sion is equivalent to (45). This implies that a proportional change in the commodity prices of
the goods outside subset @ and an income tax reform given by (46) and (47) will ensure that
individuals can choose the same income and vector of commodities outside subset Q as in the
status quo and choose the vector of commodities in subset @ that minimize production costs
and obtain the same level of sub-utility over goods in subset Q as in the status quo.

q;, j € M. (54)

B. Pareto Improving Commodity Tax Reductions

Following Kaplow (2005), consider a reform to the differential commodity taxes £; = at;
with a € (0,1) for all j. Step 1 becomes

r{nir}l Z(l + arj)pj xp st P(xg, -, %) = W"(s)
xj} L
J

which yields X ((1 + at)p;, w"(s)). The income tax is reformed so that with the same income
the individual can just afford this commodity bundle, that is

yr=T") = Z(l +av)p; & (55)
J
By revealed preference, it must be
yr=TO" =

Z(l +at)p; &' < Z(l +at))p; x)'(s) = Z p; ! (s) + z at; pxf(s) (56)
Jj J j

J
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where xjh(s) is the status quo commodity choice for all j. The status quo budget constraint is

Y =TO" = Z(l +7)p; %' (5) (57)
J
Solving (57) for ZJ- pjxjh(s), substituting into (56) and re-arranging yields
1 /.
(1M -TOM) > > 5 (58)

J

Next, recall that & and x"(s) yield the same sub-utility. Therefore, at the original prices
xI(s) was chosen, which implies (by revealed preference) %" was not affordable, that is,

D+ E > ) (141 5 s). (59)
j J
Solving both (55) and (57) for y" and setting equal yields:
T(y") + Z(l +1,)p A () =T(y") + Z(l +at)p; & (60)
J J
Using (60) to substitute out for };;p; 2}‘ in (59) and simplifying yields

Z at; p; > % (?(yh) - T(yh))- (61)

J

Adding the right-hand side terms and the left-hand side terms of (61) and (58) we obtain
TOyM) + Z ar; pja?jh >TOM + Z T pjxjh(s) (62)
j Jj

For every y", the reformed income tax system ensures individuals have the same level
of sub-utility and income as the status quo and raises more tax revenue. Summing (61) up
over all individuals yields the government's budget constraints in the reformed and status quo
allocations which using the individual budget constraints can be rewritten as

Zija?jh < Zij xjh(s).
nJ noJ

Fewer resources are needed in the reformed allocation than in the status quo.
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Notes

1.

10.

12.

13.

Exceptions include Christiansen (1984), Edwards ez al. (1994), Nava et al. (1996) and Jacobs and Boadway
(2014), all of whom derive conditions analogous to the Corlett-Hague Theorem for characterizing the direction
in which commodity taxes should differ from uniformity.

. Deviations from these assumptions would lead to a violation of the Atkinson-Stiglitz Theorem, so differential

commodity tax should be used alongside the optimal income tax. Examples of such violations include differ-
ences in preferences for goods (Saez, 2002), differences in needs (Boadway and Pestieau, 2003), differences
in endowments (Cremer et al., 2001), endogenous wages (Naito, 1999) and externalities (Pirttild and Tuomala,
1997). In fact, differential commodity taxation that is used in practice typically serves some externality cor-
rective purposes, e.g., excise taxes on gasoline, tobacco, alcohol, and recently sugar-sweetened beverages. The
weak separability assumption has also been challenged empirically. See, for example, Browning and Meghir
(1991).

. Crawford et al. (2011, p 350) note that ‘the available empirical evidence firmly rejects weak separability.

[However,] the departures from weak separability, while significant, are quantitatively small [which] suggests
that the gains from differentiation may not be large [...]. There is some evidence, and much anecdotal wisdom,
that implementing such rate differentiation through the VAT would be quite costly’.

. Christiansen (1984) adopted a similar tax reform approach to examine the conditions under which deviations

from uniform commodity taxation combined with a revenue-neutral adjustment to the optimal income tax
system would be desirable. He demonstrates that weak separability implies consumption does not depend on
leisure for a given amount of income. He shows that if the consumption for some good increases (decreases)
with leisure holding income constant, then the good should be taxed (subsidized).

. We follow the convention of using superscripts to indicate individual types, including the income tax bracket

of the individual's income, and subscripts to refer to goods and partial derivatives.

. Specifying utility in terms of income y instead of labour or leisure is for simplicity only. Income is proportional

to labour by the given wage rate, and leisure is total hours available less hour worked.

. We could distinguish the utility of non-participants by individual, given that non-participants can include

individuals with different productivities or preferences. Since that would simply complicate notation without
affecting results, we let the utility of all non-participants be identical and given by u0(-).

. Sandmo (1976) assumed the utility function was homothetic in all goods and leisure. However, as our tax

reform analysis indicates, homotheticity in goods alone is sufficient to ensure commodity taxes are uniform in
the optimum.

. Using (13) with =0 and the post-reform budget constraint (14), the uniform commodity rate needed for the

tax reform in Step 2 is given by 1 +ZT=1(p)/P(q).

Formally, the government budget constraint combined with individual budget constraints yields the economy’s
aggregate resource constraint.

. The needed uniform commodity tax rate is the same as in the case with identical individuals, that is, 1+7=

P)/ (.

Another way to see this is to linearize the pre- and post-reform budget constraints to obtain: (1 - T'(y))y + E and
(1-T'(y))y+E where E and E are the ‘virtual incomes’ in the pre- and post-reform tax system, respectively.
Substituting these linearized budget constraints and (47) into (45) yields (46) with -T(0) and ~T(0) replaced
by E and E, respectively.

This result holds regardless of form of ¢(x,,) (see Remark 3 of Laroque, 2005). Laroque (2005) considered the
case of utility being weakly separable in two sub-utility functions defined over two different sets of goods. Each
of the sub-utility functions are the same for all individuals. Having commodity prices proportional to producer
prices within each subset generates a Pareto improvement under a suitable adjustment to the nonlinear income
tax system.
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Resumen

Generalizando el enfoque de reformas fiscales de Laroque (2005), Kaplow (2006) y Hellwig (2009),
mostramos que para cualquier sistema de imposicion sobre la renta, la imposicion diferencial sobre las
mercancias puede ser dominada en el sentido de Pareto por una reforma que grave todas las mercancias
a un tipo Unico, siempre y cuando se convine con un impuesto sobre la renta adecuado. A partir de un
modelo de agente representativo, bajo determinadas especificaciones particulares de preferencias, de-
rivamos las reformas necesarias en un impuesto sobre la renta lineal progresivo, lineal por tramos y no
lineal. Las reglas de imposicién 6ptima de un impuesto sobre el consumo uniforme de Sandmo (1974),
Atkinson y Stiglitz (1976) y Deaton (1979) se mantienen, en presencia de desempleo involuntario y
cuando los individuos tienen diferentes preferencias por el ocio y aumentan la participacion extensiva
en el mercado de trabajo.

Palabras clave: imposiciéon uniforme sobre el consumo, impuesto 6ptimo sobre la renta, impuesto
sobre la renta lineal por tramos.

Clasificacion JEL: H21, H23, H24.
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	1. Introduction
	The choice of a commodity tax structure is one of the oldest issues in optimal tax analysis and has led to some of the most policy-influential results. The seminal optimal tax paper by Ramsey (1927) introduced the famous inverse-elasticity rule, which has been of continuing relevance for the design of excise taxes as well as for public utility pricing. Corlett and Hague (1953) refined the Ramsey analysis by showing that commodity tax rates should be higher for goods most complementary in consumption with le
	With the advent of optimal income tax analysis following Mirrlees (1971), Atkinson (1973), Diamond (1980) and Stiglitz (1982), commodity taxation has assumed more of a supporting role. With some exceptions, the emphasis has been on deriving circumstances under which commodity taxes should be uniform. Then, they could either be dispensed with entirely by subsuming them as part of the income tax system, or if separate commodity taxes were maintained, they could be broad-based value-added taxes with uniform ra
	-
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	These results have been influential for tax policy purposes, but they are restrictive in some important senses. First, they were derived under the assumption that income taxes are set optimally. Second, they were derived under the assumption that individuals have the same utility functions. Finally, they apply for the extreme cases in which the government can use either fully nonlinear income taxation or linear progressive income taxation. These two cases rule out the form of income taxation governments typ
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	Recent literature has generalized the Atkinson-Stiglitz and Deaton Theorems to address these restrictions. First, Laroque (2005) and Kaplow (2006) showed that a version of the Atkinson-Stiglitz Theorem applies even if the nonlinear income tax is not optimal. Starting from an arbitrary nonlinear income tax and differential commodity taxes, a Pareto-improving tax reform combining a move to uniform commodity taxation and a reformed nonlinear income tax is feasible if preferences are weakly separable. Mirrlees 
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	Laroque, Kaplow, Hellwig, and Boadway and Cuff derive their results using a similar methodology. In this paper, we exploit this methodology to synthesize existing results and to extend them to other cases.  We show that the types of income tax reforms required to obtain Pareto-improvements when commodity taxes are made uniform take a common form in the various applications. An important advantage of this methodology is that it only involves evaluating Pareto-improving tax reforms and does not require specif
	2. The Setting 
	We begin by setting out the general features of the economy. Individuals can differ in some innate characteristics that affects the amount of income they choose to earn. Individual differences may reflect differences in the cost of labour force participation as in the extensive-margin labour supply literature (Diamond, 1980; Saez, 2002), differences in wage rates as in the intensive-margin literature (Mirrlees, 1971), or differences in preferences for leisure (Cuff, 2000; Boadway et al., 2000; Choné and Lar
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	More precisely, there are N individuals who participate in the labour market and earn a positive income. Participants are indexed by i such that those with higher i have higher income y, that is, y > y. Higher incomes can be due to higher productivities (wage rates) or lower preferences for leisure. Those who do not participate in the labour market earn zero income. Such individuals may be unemployed because they are unable to work, choose not to work, or are involuntarily unemployed. We call these individu
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	There are m goods, denoted by x for j = 1, ⋯, m, which are produced by a linear technology using only labour as an input. Individuals’ income is their effective labour supply or the output they produce. Individual preferences can be represented by a strictly quasi-concave utility function that is weakly separable in consumption goods versus income and a pure public good. For participant i, utility is given by u(ϕ(x, ⋯, x), y, g), and for any non-participant, utility is u(ϕ(x, ⋯, x ), 0, g). In the special c
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	The government imposes an income tax and a set of commodity taxes. We assume that the income tax can take a general nonlinear form, T(y), with T(0) < 0 and marginal tax rates T’(y). Following Saez et al. (2012), we define 1 – T’(y) as the net-of-tax rate. We also consider restricted income tax systems as described further below. Commodity taxes on the m goods are at the ad valorem rates τ ≡ (τ, ⋯, τ, ⋯, τ). Let consumer prices be q = (1 + τ)pfor j = 1, ⋯, m, where p are producer prices, and define q ≡ (q, ⋯
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	where d and d refer to disposable incomes.
	0
	i

	Individual outcomes are determined in sequence, with earlier decisions anticipating later outcomes. First, participation in the labour market is determined, either by individual choice or involuntarily. Next, those who decide to participate choose labour supply and therefore earnings on which they pay taxes. Non-participants receive a transfer from the government. Finally, both participants and non-participants choose how to spend their disposable incomes on the m goods. Our analysis is agnostic about how i
	Since utility is weakly separable in goods and the sub-utility function ϕ(∙) is the same for all persons, we can solve the inner problem for an individual with given disposable income d:
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	where the superscript ‘h’ includes both participants and non-participants. This yields uncompensated demands x(q, d) = (x(q, d ), ⋯, x(q, d )) and indirect sub-utility 
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	By separability, the demand for goods does not depend on g. An individual’s choice of y solves: 
	h
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	where d satisfies (1) and includes both participants and non-participants.
	h

	For the special case used by Deaton (1979) to study uniform commodity taxation when a linear progressive income tax is used, the sub-utility of goods is quasi-homothetic. In this case, indirect sub-utility in (3) can be written:
	  (4)
	Figure

	Using Roy’s Theorem, commodity demands can be written as follows:
	  (5)
	Figure

	Thus, Engel curves are linear in disposable incomes and have the same slopes and intercepts for all individuals. If the sub-utility of goods is homothetic, then μ(∙) = 0, so indirect sub-utility and commodity demands become 
	-
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	We will refer to these special cases in what follows.
	Our analysis takes the form of a tax reform. We begin with a status quo policy situation in which the government imposes an arbitrary income tax system T( y), a set of differential commodity taxes τ, with τ ≠ τ for at least one combination of l, k, and a public good g. We denote the status quo choices of goods and income for a type-h individual as x(s) and y ≥ 0. The value function for the sub-utility problem (2) is denoted
	l
	k
	h
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	Then, for various forms of T( y), we show conditions under which the status quo allocation can be Pareto-dominated by moving to uniform commodity taxes and a suitably reformed income tax. We derive and interpret the income tax reforms that must accompany the move to uniform commodity taxes. We consider various cases which have their parallels in the literature: identical individuals (characterized by a representative individual), and heterogeneous households facing i) a linear progressive income tax, ii) a 
	-
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	Our method of tax reform analysis is similar in all cases and is a refinement of that initiated by Laroque (2005) and Kaplow (2006) for the Mirrlees optimal nonlinear income tax setting, and extended to linear progressive taxes by Hellwig (2009) and piecewise linear income taxes by Boadway and Cuff (2022). It consists of three steps. First, the differential commodity taxes are replaced by a uniform commodity tax system holding sub-utility constant. Second, the income tax is reformed such that all individual
	-

	3. Identical Individuals
	This case is the counterpart to the Corlett and Hague (1953) analysis. A representative taxpayer supplies labour and consumes two goods, and initially faces a uniform commodity tax system. Lump-sum taxes are ruled out since they would dominate. They derive conditions under which commodity taxes should deviate from uniformity with tax revenue held constant. They obtain the Corlett-Hague Theorem: the commodity tax rate should be increased on the good which is more complementary with leisure and decreased on t
	-

	The status quo problem for the representative individual is: 
	  (8)
	Figure

	where t is the proportional income tax and q = (1 + τ)p, with τ ≠ τ for at least some l, k. Here, the net-of-tax rate, 1 – t, is the same for all individuals and (1 – t)y is disposable income.
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	j
	l
	k

	Given separable preferences in consumption goods, the representative individual with disposable income (1 – t)y chooses x that solves the same inner problem (2) as above. This yields uncompensated demands x(q, (1 – t)y) and indirect sub-utility ν(q, (1 – t)y). We assume homothetic preferences over goods, so indirect sub-utility and commodity demands satisfy (6). Optimal demands are linear and go through the origin. Relative commodity demands will therefore be independent of income. 
	-
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	The representative individual’s choice of y then solves:
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	As above, the solution to the status quo problem is denoted by x(s), j = 1, ⋯, m, and y(s) with indirect sub-utility (from (6) and (7))
	j
	 

	  (9)
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	for all levels of disposable income (1 – t)y. 
	We show, following Sandmo (1976), that we can achieve a Pareto improvement over the status quo by moving to an arbitrary uniform commodity tax (τ = τ for all j) and an alternate proportional income tax  which will depend on τ. The combination of τ and  is indeterminant.
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	Figure
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	Proposition 1. Identical Individuals (Sandmo, 1974 and 1976).
	Assume the utility function for the representative individual takes the form u(ϕ(x), y, g) where sub-utility ϕ(x) is homothetic. Let (x(s), y(s), g) be the allocation under an arbitrary proportional income tax t, with differential commodity taxes τ. Another allocation can be implemented by a uniform commodity tax τ and a proportional change in the net-of-tax rate that gives the same utilities as the allocation (x(s), y(s), g) and generates more government tax revenues. The additional revenues can be used to
	As mentioned, the proof proceeds in three steps. First, differential commodity taxes are replaced by a uniform commodity tax holding sub-utility constant. Second, the proportional income tax is changed so that the representative individual can attain the status quo level of utility under the uniform commodity tax system. Third, we show that the government obtains additional tax revenue from the first two steps and can use it to make a Pareto improvement. Note that when the income tax is proportional, a chan
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	Step 1. Replacement of differential commodity taxes.
	Suppose the government replaces the differential commodity tax system with a uniform commodity tax at the rate τ. Consider the following problem which minimizes consumption expenditure under the uniform commodity tax subject to attaining the same level of sub-utility as in the original allocation/tax system.
	-

	  
	Figure

	where ω(s) satisfies (9). The solution is 
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	and minimized total expenditures satisfy
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	for any other commodity choices x satisfying ϕ(x, ⋯, x) = ω(s). This implies 
	j
	1
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	where x(s), j = 1, ⋯, m are the optimal demands in the status quo. That is, the commodity bundle ((1 + τ)p, ω(s)) takes less resources to produce than the status quo bundle x(q, (1 – t)y), and both bundles achieve the same level of sub-utility ω(s).
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	Step 2. Adjustment of the income tax.
	By duality of the individual’s inner problem, (2), we have the following relationship under the uniform commodity tax
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	since the expenditure function satisfies e((1 + τ)p, ω(s)) = (1 – t)y. Given that sub-utility ϕ(⋅) is homothetic, we can rewrite this using (6) as follows:
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	where the last equality follows from (9). Therefore, the minimized expenditure needed when there is a uniform commodity tax to achieve the same sub-utility as in the status quo is:
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	Suppose the reformed income tax satisfies
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	Using (13) and the definition of e((1 + τ)p, ω(s)) from (10), we can rewrite (12) as 
	  (14)
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	After the tax reform, the representative individual with income y can purchase the bundle of goods  with a uniform commodity tax and achieve the same level of sub-utility as in the status quo. The individual’s choice of income in the adjusted tax system is given by 
	Figure
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	Since by construction, we have for any y 
	  
	Figure

	the representative individual will choose y and be just as well off as in the status quo. 
	The form of the income tax rate change in (13) is intuitive and reappears in the other cases considered below. The net-of-tax rate terms 1 – t and 1 –  are the slopes of the individual’s budget line. They represent the rates at which income can be converted to consumption and reflect the size of the labour-consumption distortion. The change in the net-of-tax rate 1 – t in Step 2 required to compensate for the change in commodity taxation in Step 1 is given by ψ(q)/ψ((1 + τ)p) in (13). This is an index of th
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	Figure

	Step 3. Effect on tax revenues.
	The government budget constraint – or equivalently, the economy’s resource constraint– before and after the tax reform can be written:
	  
	Figure

	where p is the per unit cost of g, y is total output, ∑ p x is total consumption, and the inequality follows from (11). Therefore, the government has extra tax revenue that can be used to increase the public good and achieve a Pareto improvement.
	g
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	Proposition 1 holds for any arbitrary income tax, including the optimal proportional tax. Therefore, we have shown that with identical individuals who have preferences that are weakly separable in goods versus leisure and a public good, and are homothetic in goods, the optimal commodity tax rate is uniform (Sandmo, 1976). With homothetic preferences for goods, the needed adjustment to the income tax is a proportional change in the net-of-tax rate in Step 2. This instead could be achieved by adjusting the un
	9

	4. Linear progressive income taxation
	Now suppose individuals are heterogeneous and their differences give rise to differences in income. They could differ in productivity as in the standard Mirrleesian model (Mirrlees, 1971), or they could differ in preferences for leisure (Cuff, 2000; Boadway et al., 2000; Choné and Laroque, 2010; Fleurbaey and Maniquet, 2011). They may freely choose their incomes by varying their labour supply along the intensive or extensive margin (Diamond, 1980; Saez, 2002), or their choices may be constrained by the poss
	-
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	In this section, we assume that government tax instruments are restricted to commodity taxes τ and a linear progressive income tax with a marginal tax rate t and a lump-sum transfer a. The net-of-tax rate 1 – t is again the same for all individuals. We begin with a status quo allocation under an arbitrary linear progressive tax and differential commodity taxes, and we consider circumstances under which the move to uniform commodity taxes accompanied by a reform of the income tax can be Pareto-improving. We 
	Although we are dealing with an economy consisting of heterogeneous individuals, there is no need to specify a social welfare function as we consider only Pareto-improving tax reforms. This is advantageous because we can avoid the conceptually difficult task of specifying social weights when individuals differ in preferences for leisure (Cuff, 2000; Boadway et al., 2000; Fleurbaey and Maniquet, 2011). Nonetheless, the results we obtain on Pareto-improving tax reforms allow us to infer as a corollary that if
	-
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	Utility functions for participants and non-participants are u(ϕ(x, ⋯, x), y, g) and u(ϕ(x, ⋯, x), 0, g) as above, where sub-utility functions ϕ(x) are identical for all individuals but overall utility functions can differ because of different preferences for leisure (or possibly for the public good). Participants’ incomes y can be determined from different models of labour markets as mentioned, and we assume individuals are indexed such that y > y. Our assumption that there is only one individual who choose
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	  (15)
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	Individual outcomes are determined in sequence, with earlier decisions anticipating later outcomes. First, participation in the labour market is determined, either by individual choice or involuntarily. Then, those who decide to participate choose labour supply and therefore earnings on which they pay taxes. Non-participants receive a transfer from the government. Finally, both participants and non-participants choose how to spend their disposable incomes on the m goods. 
	With separable preferences in consumption goods, an individual with disposable income d chooses x that solves the same inner problem (2) as above. This yields uncompensated demands x(q, d) and indirect sub-utility ν(q, d) where h = 0, 1, ⋯, N includes both participants and non-participants. We assume quasi-homothetic preferences over goods, so indirect sub-utility satisfies (4) and demands for goods are given by (5).
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	In our initial – or status quo – policy setting, the government chooses an arbitrary linear progressive income tax system with parameters (a, t) and differential commodity taxes τ. The allocations chosen in the status quo are y(s) and x(s) for participants i = 1, ⋯, N, and x(s) for non-participants. The values of the sub-utility functions in the status quo are: 
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	Proposition 2. Linear Progressive Tax System (Deaton, 1979).
	Assume utility functions for participants and non-participants take the forms u(ϕ(x), y, g) and u(ϕ(x), 0, g) where sub-utility ϕ(x) is quasi-homothetic. Let (x(s), y(s), g) be the allocation of individual h for h = 0, 1, ⋯, N under an arbitrary linear progressive income tax system (a, t) with differential commodity taxes τ. Another allocation can be implemented by a uniform commodity tax rate τ, a proportionate change in the net-of-tax rate and a change in the lump-sum transfer that gives the same utilitie
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	The proof of Proposition 2 follows the same three steps as Proposition 1. However, there are now N + 1 participants and non-participants, and the three steps apply to each type-h. Step 1, which involves replacing differential with uniform commodity taxes and solves for the commodity demands that yield the status quo sub-utility, is virtually identical. Eqs. (10) and (11) for the expenditure function and costs of production become: 
	  (17)
	Figure

	and
	  (18)
	Figure

	Fewer resources are required to produce ((1 + τ)p, ω(s)) than to produce the status quo allocation x(s) when both commodity bundles yield the same sub-utility.
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	Step 2. Adjustment of the linear progressive income tax.
	For each individual h, the Step 1 compensated demands ((1 + τ)p, ω(s)) – which yields the same sub-utility as the status quo allocation – combined with the status quo income y(s) yields the same level of utility as in the status quo. We now show that this allocation can be implemented for all individuals with uniform commodity taxes, τ, and a reformed linear progressive income tax (â, ). 
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	Since sub-utility ϕ(x) is the same in the Step 1 problem as in the status quo, we can write (4) for the Step 1 problem with uniform commodity taxes as:
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	where e((1 + τ)p, ω(s)), defined by (17), is the amount of expenditures required to finance the Step 1 bundle of goods . Using (4) for ω(s) and (17) for e((1 + τ)p, ω(s)), we obtain: 
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	Substituting for non-participant and participants’ disposable incomes d from (15) yields:
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	Consider an alternative income tax system (â, ) and suppose it is related to the original tax system (a, t) as follows:
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	Substituting (23) and (24) into (21) and (22) gives: 
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	These are the same budget constraints as in (15) with the new tax system and uniform commodity taxes. By construction, (25) and (26) show that each individual h faced with the new income tax system and uniform commodity taxes can choose the original income level y(s) and the goods in the post-reform situation  that minimize production costs and yield the status quo sub-utility, ω(s). Further, since individual utility depends only on the value of the sub-utility of goods individuals will make the same partic
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	Figure
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	As Step 1 indicates, if individuals choose the bundle , fewer resources are required and they are as well-off as in the original tax system. This means that the government has extra resource available that could be used to increase social welfare in Step 3. The government budget constraint, which is equivalent to the economy’s aggregate resource constraint, can be written as follows in the initial and final situations:
	Figure
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	where the inequality follows from (18). 
	The above proof is based on a revealed preference argument and does not require differentiability in income. Step 1 applies whatever incomes taxpayers choose in the initial allocation, including if they choose not to work or are unable to work. Step 2 then shows that the incomes chosen in the initial allocation can still be supported after differential commodity taxes are made uniform and the income tax suitably reformed. All individuals choose the pre-reform income level and the bundle of goods yielding th
	-
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	The intuition is as follows: The replacement of the differential commodity taxes with a uniform rate results in a change in the relative price of goods versus labour and a change in total commodity taxes paid. These two effects are offset by changes in the net-of-tax rate and in the lump-sum transfer. In particular, by (24), 1 – t changes in proportion resulting in a rotation of the budget line. The size and direction of the rotation depends on goods prices in the status quo relative to those after the refo
	As shown in (5), with quasi-homothetic preferences over goods a change in the prices of goods affects the demand for goods through changes in both μ(⋅) and ψ(⋅). A change in the commodity prices will both rotate and shift Engel curves for goods. Only the latter effect occurs with homothetic preferences. To ensure individuals can achieve the status quo level of sub-utility with the tax reform when preferences over goods are quasi-homothetic, both net-of-tax rate and the lump-sum transfer must adjust proporti
	We have demonstrated that the Deaton Theorem – uniform commodity taxation is optimal when preferences over goods are quasi-homothetic – holds when individuals make both extensive and intensive labour supply choices, some individuals may be unemployed and individuals may differ in their preferences for leisure and possibly for the public good. As homothetic preferences are a special case of quasi-homothetic preferences, that is, (7) can be obtained from (4) by setting μ(q) = 0, Proposition 2 also holds with 
	-
	-
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	5. Piecewise linear income taxation
	The linear progressive income tax is simplest form of progressive income tax and has been widely used in the literature (e. g., Atkinson, 1973; Sheshinski, 1972; Meltzer and Richard, 1981). It is however restrictive and does not correspond with tax structures typically used. Most governments use piecewise linear income taxes which combine a lump-sum component with multiple tax brackets. There has been relatively little analysis of the optimal tax properties of piecewise linear income taxation, largely becau
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	Consider the following piecewise linear income tax system that characterizes in a simplified form many real world income tax systems. There are an arbitrary number of income tax brackets denoted by b = 1, ⋯, B with corresponding tax rates t on income  where . The government chooses the tax rates t ≡ (t, ⋯, t), the income bracket thresholds , and a lump-sum transfer a paid to all individuals regardless of whether they are working. The tax liability of non-participants is –a. Participants with income  pay tax
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	where we have used  to obtain the righthand side. Using (28), individual disposable incomes are:
	Figure
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	where earned incomes are given by y and y for b = 2, ⋯, B. We continue to define the net-of-tax rate as one minus the marginal tax rate on the last dollar of income. With a piecewise linear income tax, the net-of-tax rate varies across the different income brackets.
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	Individuals now differ both by their participation status, i. e., 0 or i, and by the income bracket where their income y is located, i. e., b = 1, ⋯, B. To capture this, we use h = {0, 1i, bi} to refer respectively to non-participants, participant i in the first income tax bracket and participant i in income tax bracket b = 2, ⋯, B. The population of participating individuals with incomes y, i = 1, ⋯, N are allocated among the B tax brackets. A given tax bracket will include persons of different incomes, wi
	i
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	In the status quo policy setting, the government chooses an arbitrary piecewise linear progressive income tax system with parameters (a, t, ), and differential commodity taxes τ. Incomes and consumption vectors chosen in the status quo are again denoted by y(s) and x(s), and the value of the sub-utility function for a type-h individual in the status quo is ω(s) ≡ ϕ(x(s)). We assume that the sub-utility function is quasi-homothetic so the indirect sub-utility function satisfies (4). Denote d(s) as the dispos
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	Proposition 3. Piecewise Linear Income Tax System (Boadway and Cuff, 2022).
	Assume utility functions for participants and non-participants take the forms u(ϕ(x), y, g) and u((x), 0, g) where sub-utility ϕ(x) is quasi-homothetic. Let (x(s), y(s), g) be the allocation of individual h for h = 0, 1i, bi under an arbitrary piecewise linear income tax system (a, t, ), with differential commodity taxes τ. Another allocation can be implemented by a uniform commodity tax τ, a common proportional change in net-of-tax rates for all tax brackets holding  constant, and a change in the lump-sum 
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	The proof of Proposition 3 follows the same three steps as Proposition 2. Step 1 is in fact identical, so both (17) and (18) hold. Fewer resources are required to produce the vector of goods chosen by individuals that achieves the status quo level of sub-utility when the differential commodity taxes are replaced with a uniform rate than the status quo vector of goods. The next step is to show that the allocation in which individuals choose this less resource-intensive vector of goods and their status quo in
	-
	-
	Figure

	Step 2. Adjustment of the piecewise linear income tax. 
	As in the linear progressive tax case above, we can write the value of the sub-utility function for the Step 1 problem as (19). Using expression (17) for the expenditure function, (19) becomes: 
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	Using (4) for the value of indirect utility ω(s) in the status quo situation, this becomes 
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	where the status quo disposable incomes d(s) are given by (29) given status quo incomes y(s) and the original income tax system (a, t).
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	Consider an alternative income tax system (â, ), and suppose it is related to the original tax system (a, t) as follows:
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	  (33)
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	where  remains unchanged. For any two income tax brackets b and b + 1, (33) implies:
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	Substituting (32)-(34) into (31) gives: 
	  (35)
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	By construction, (35)-(37) show that each individual h faced with the new income tax system and uniform commodity taxes can choose the original income level y(s) and the goods in the post-reform situation  that minimize production costs and yield the status quo level of sub-utility, ω(s). Therefore, they can obtain the same utility level as in the status quo.
	h
	Figure
	h
	h

	The intuition of this income tax reform is analogous to the linear progressive income tax case. In Step 1, differential commodity taxes are eliminated and replaced by a uniform commodity tax τ. This will have two effects: a change in the relative price of goods versus labour and a change in total commodity taxes paid. These two effects are offset by changes in the net-of-tax rates for each income bracket and in the lump-sum transfer. In particular, by (33), 1 – t changes in the same proportion for all tax b
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	In fact, individuals of type h will choose the allocation (((1 + τ)p, ω(s)), y(s)). The budget constraints (35)-(37) apply for any income level. By Step 1, when income is y the sub-utility of consumption obtained from the bundle ((1 + τ)p, ω(s)) is the same as the sub-utility ω(s) obtained under the status quo bundle x(s). Therefore, each point on the budget constraints (35)-(37) give the same combination of y and ϕ(x) as the corresponding point on the original budget constraints (30). Equivalently, each va
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	As in the linear progressive income tax case, the aggregate resource constraints in the status quo and reformed situations satisfy (27). These are equivalent to the government budget constraints. Therefore, the government has more revenue after the tax reform and can make a Pareto-improvement by increasing the lump-sum transfer a or the provision of public goods g. 
	6. Nonlinear income taxation
	Now suppose we do not restrict the income tax schedule to be piecewise linear and instead allow for any arbitrary nonlinear income tax system. Atkinson and Stiglitz (1976) show that with the optimal nonlinear income tax system in place there is no role for differentiated commodity taxation if preferences are weakly separable in goods versus leisure and identical among all individuals. Uniform commodity taxation is optimal with the rate of commodity taxation being indeterminate. While this result requires pr
	-

	We begin by replicating the Laroque-Kaplow analysis using our three-step approach. We derive an explicit expression for the change in the nonlinear income tax schedule required to generate a Pareto-improvement when uniform commodity taxes are adopted. As we have not placed any restrictions on the sub-utility function ϕ(x), the form of the changes in the income tax are fairly general. We then consider the special case of quasi-homothetic sub-utility of goods and show that the income tax reform required is an
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	Utility functions for participants and non-participants take the forms u(ϕ(x), y, g) and u(ϕ(x), 0, g) where to begin with we impose no restrictions on ϕ(x). Under a nonlinear income tax system T(y), the budget constraint for each participant is:
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	  (38)
	Figure

	and for non-participants is
	  (39)
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	where q = (1 + τ)p. Disposable incomes are d where h = 0 denotes a non-participant and h = i denotes a type-i participant. We again denote individual choices and level of sub-utility in the status quo using s. The government replaces the differential commodity taxes with a uniform commodity tax at the rate τ and replaces the nonlinear income tax T(y) with (y). We follow the same three steps as above to characterize Pareto-improving tax reforms. 
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	In Step 1, the differential commodity taxes are replaced with a uniform commodity tax. The problem of minimizing expenditure to achieve the status quo level of sub-utility with the reformed commodity taxes for individual h in Step 1 is identical to the previous cases and yields compensated demands ((1 + τ) p, ω(s)) for all j as well as the expenditure function (17) and the costs of goods’ production (18) hold. That is, it takes fewer resources to supply the bundle of goods needed to attain the status quo su
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	Step 2 involves reform of the income tax such that all individuals can obtain the status quo utility level. Using the budget constraints (38) and (39), we can write the budget constraint of a person with income y as 
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	This person obtains utility u(ν(q, y – T(y)), y) and consumes x(s) in the status quo. After the commodity tax reform, a person who consumes  for all j and earns income y will achieve the same utility. The budget constraint that will support this is: 
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	Therefore, from (40) and (41),
	  (42)
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	The income tax liability changes as the commodity taxes are reformed. If τ = 0, the aggregate income tax liability would have to rise to make up for the loss in aggregate commodity tax revenues. The amount of the income tax change will differ across individuals, reflecting individual’s different total consumption expenditure pre- and post-reform. The income tax reform ensures that individuals can achieve their status quo level of sub-utility if they choose their status quo level of income. As individuals’ u
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	We have shown that the Atkinson-Stiglitz Theorem – uniform commodity taxation is optimal when preferences over goods are weakly separable – holds when individuals make both extensive and intensive labour supply choices, some individuals may be unemployed and individuals may differ in their preferences for leisure and possibly for the public good. The income tax reform in (42) is, however, very general. To obtain specific results that are comparable to those obtained above, consider the special case where ϕ(
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	Proposition 4. Nonlinear Income Tax System (Atkinson and Stiglitz, 1976).
	Assume utility functions for participants and non-participants take the forms u(ϕ(x), y, g) and u(ϕ(x), 0, g) where sub-utility ϕ(x) is quasi-homothetic. Let (x(s), y(s), g) be the allocation of individual h for h = 0, i under an arbitrary nonlinear income tax system T(y), with differential commodity taxes τ. Another allocation can be implemented using a uniform commodity tax τ, a common proportional change in the net-of-tax rate at every income level, and a change in income transfer to those with zero inco
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	We again follow the same three steps. In Step 1, the differential commodity taxes are replaced with a uniform commodity tax. The problem of minimizing expenditure to achieve the status quo level of sub-utility with the reformed commodity taxes for individual h in Step 1 is identical to the previous cases and yields compensated demand ((1 + τ)p, ω(s)) for all j and the expenditure function (17) and the costs of goods’ production (18).
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	Step 2. Adjustment of the nonlinear income tax system.
	Given that ϕ(x) is quasi-homothetic, we can invert the indirect sub-utility function when there is a uniform commodity tax to obtain
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	Substituting in the expression for ω(s) yields:
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	After the tax reform, an individual who consumes  for all j and earns income y(s) will achieve the same utility as in the status quo. The budget constraint that supports this is: 
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	where  (y) is the post-reform income tax system. It follows from (43) and (44) that 
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	By construction, (45) holds for any income level.
	To determine how the income tax schedule must be adjusted, we first evaluate (45) at y = 0 to obtain
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	Second, we totally differentiate (45) with respect to income and evaluate the resulting expression at y = y to obtain: 
	h

	  (47)
	Figure

	Note that (46) and (47) are analogous to (32) and (33) and have the same interpretation. The net-of-tax rate 1 – ' is changed in the same proportion at all income levels, and the transfer to non-participants T(0) is adjusted in the same manner as the lump-sum transfer a to change the intercept of the budget set.
	Figure
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	Eqs. (46) and (47) show how the status quo income tax system can be reformed with the elimination of differential commodity taxes such that individuals can choose the same income as in the status quo, the vector of commodities that minimize production costs and obtain the same level of sub-utility of goods as in their status quo. As individual utility depends only on the value of this sub-utility, income and public good, individual h who faces the reformed income tax system and a uniform commodity tax will 
	-

	The above result implies the Atkinson-Stiglitz Theorem. If in the initial situation, nonlinear income taxes are optimized but commodity taxes are differential, a Pareto-improving tax reform involving a move to uniform commodity taxes is possible. Therefore, in the full optimum, commodity taxes should be uniform. The level of the optimal uniform commodity tax rate is indeterminate, which implies that the structure of the optimal nonlinear income tax will also be indeterminate. However, the combined commodity
	-

	7. Extensions
	7.1. Quasi-homothetic in a subset of goods
	We have shown that if preferences over goods are quasi-homothetic, a Pareto improvement can be achieved by replacing differential commodity taxes with a uniform rate and reforming the income tax by adjusting the net-of-tax rate at each income level in the same proportion and the tax liability of those earning zero income. This holds regardless of the assumed structure of the income tax system. We now show it also holds if preferences are quasi-homothetic and identical over only a subset of goods, while pref
	-
	-

	Suppose utility is weakly separable and quasi-homothetic in a subset of goods k ∈ Q, so can be written as u(ϕ(x), x, y, g) for participants i = 1, ⋯, N and u(ϕ(x), x, 0, g) for nonparticipants, where x is the vector of goods in the subset Q, x is the subset of the rest of the goods j ∈ M, and ϕ(x) is quasi-homothetic. The allocation obtained under an arbitrary income tax T(y) and differential commodity taxes can be Pareto-dominated by an allocation where commodity tax rates on goods x are uniform and the in
	i
	Q
	M
	i
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	Q
	M
	Q
	M
	Q
	Q
	M

	We show this in Appendix A by following the same three steps as above. In Step 1, we replace the differential commodity taxes on goods in Q with a uniform rate τ and determine the minimum expenditure needed to achieve the status quo level of sub-utility over the subset of Q goods given that individuals choose the status quo level of income and goods outside the subset Q. In Step 2, we adjust the income tax system and commodity taxes on other goods such that for a person who consumes the original  for all j 
	Figure
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	Under this reformed tax system individuals can choose the same income and commodities outside subset Q as in the status quo as well as the vector of commodities in subset Q that achieves the status quo level of sub-utility ϕ(x) at minimized production costs. Each individual h who faces the reformed tax system and a uniform commodity tax for goods in subset Q will therefore choose the same income and commodity choices for those goods outside of subset Q as the status quo. As individual commodity choices of g
	-
	Q
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	A direct implication is that in either the linear progressive or piecewise linear income tax cases, if preferences are quasi-homothetic over a subset of goods, then taxing these goods at a uniform rate Pareto-dominates taxing these goods at differential rates provided commodity prices of all other goods can be proportionally changed and the income tax system reformed as in the case when preferences are quasi-homothetic over all goods. This result holds even if preferences for goods outside of the subset Q d
	If preferences for goods outside of Q are the same conditional on income, then with a fully nonlinear income tax system, no adjustment to the commodity prices outside of the subset Q is needed for this result. To see this, note with weakly separable preferences in a subset of goods Q, (42) can be written as:
	-

	  
	Figure

	If there is no adjustment to commodity taxes outside of the subset, so q =  for all j ∈ M, then the last two terms on the right-hand side cancel out. The adjustment to the income tax system at any given income is all that is needed to achieve a Pareto improvement and the adjustment given that ϕ(x) is quasi-homothetic is as before.
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	7.2. Proportional reduction in differential commodity taxation
	So far, we have considered replacing differential commodity taxation with a uniform rate and showed how the income tax system could be adjusted to achieve a Pareto improvement when preferences are weakly separable in goods versus labour and quasi-homothetic in goods. Kaplow (2006) shows, assuming weak separability of goods versus leisure and a non-linear income tax, that Pareto improvements could be achieved with a proportional reduction in the differential commodity taxes on all goods rather than a full mo
	-

	In Appendix B, we demonstrate this result by adjusting the commodity taxes on all goods j by α ∈ (0,1). Step 1 of this proof is identical to the above and the adjustment needed to the income tax system to achieve a Pareto improvement when preferences over goods are quasi-homothetic is defined as above. Therefore, all of our results generalize to a proportional reduction in differential commodity taxes rather than a full movement to uniform commodity taxation.
	-
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	8. Concluding remarks
	The issue of when commodity tax rates should be uniform has been a recurrent theme in the optimal taxation literature and is of considerable importance for tax policy. Most countries have adopted VAT systems whose tax administration is considerably simplified to the extent that tax rates are uniform (Wilson, 1989; Slemrod, 1990; Belan et al., 2008; Gauthier, 2013). The Mirrlees Review (2011) advocated for a fully uniform VAT, relying on the optimal tax literature for justification. In this paper, we provide
	-

	We have synthesized and generalized these approaches in a number of directions. First, we showed how the Pareto-improving tax reform approach to uniform commodity taxes applies to the representative agent case where income taxation is proportional and to the heterogeneous individual case when the income tax is restricted to be piecewise-linear. In the former case, a sufficient condition is that preferences be homothetic in goods, while in the latter case, preferences can be quasi-homothetic in goods.
	-
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	Second, we showed how a common methodology applies to the tax reforms in all of these cases. This methodology allows us to derive explicit expressions for how the income tax should be reformed when commodity taxes are changed to be uniform.
	Third, our analysis shows that the main restriction required to ensure the possibility of a Pareto-improving tax reform to uniform commodity taxes is identical preferences over goods by all individuals. Otherwise, the features of the economy can vary in a number of key ways. Our results apply regardless of the nature of labour supply. Individuals can vary their labour supply along the extensive as well as the intensive margin. Some of them may be involuntarily unemployed. As well, preferences for leisure ca
	-

	Fourth, we showed that the results generalize from fully uniform commodity taxation in two ways. First, as Deaton (1979) and Laroque (2005) show for their particular settings, if preferences are weakly separable in only a subset of goods, a reform to commodity tax uniformity over that subset of goods can be Pareto-improving. We also point out that individuals with the same income may also have different preferences over goods outside of the subset. Second, as Kaplow (2006) showed, Pareto-improvements are po
	-

	Finally, although all our results are derived starting from arbitrary initial income taxes, they also naturally apply if income taxes are optimal to begin with. The implication is that provided the sufficiency conditions with respect to preferences for goods are satisfied, commodity taxes should be uniform if income taxes are optimal. In other words, a corollary of our tax reform analysis is that the Atkinson-Stiglitz and Deaton Theorems both apply. As well, the Deaton Theorem generalizes to the case of pie
	-

	Appendix
	A. Weak separability in a subset of goods
	Assume there is an arbitrary income tax system, T(y) which could be a linear progressive tax system, a piecewise linear tax system or a fully nonlinear income tax system. In the status quo, the sub-utility maximization problem for individual with income y and bundle(, g) is:
	h
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	h
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	The solution gives demands  and indirect sub-utility
	Figure
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	Step 1. Replacement of differential commodity taxes for the subset of goods.
	Replace the differential commodity taxes on goods in subset Q with a uniform rate τ and consider the minimum expenditure problem for achieving the status quo level of sub-utility over subset Q.
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	The solution is (p, ω(s)) for all goods k ∈ Q, and total expenditures satisfy
	Figure
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	The level of sub-utility, ϕ((p, ω(s)), is the same as in the status quo.
	Figure
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	Step 2. Adjustment of income tax system and commodity taxes on other goods.
	Since ϕ is quasi-homothetic, we can invert the indirect sub-utility function for the subset of goods in Q when there is a uniform commodity tax to obtain
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	Substituting in (49) for ω(s) yields:
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	After the tax reform, a person who consumers  for all k ∈ Q and the original  for all j ∈ M, and who earns income y(s) will achieve the same utility. The budget constraint that will support this is:
	Figure
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	Eqs. (51) and (52) imply that
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	Consider a proportional adjustment to the consumer prices of the goods outside of the subset Q, 
	  (54)
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	With this adjustment, the last term on both sides of (53) cancel and the resulting expression is equivalent to (45). This implies that a proportional change in the commodity prices of the goods outside subset Q and an income tax reform given by (46) and (47) will ensure that individuals can choose the same income and vector of commodities outside subset Q as in the status quo and choose the vector of commodities in subset Q that minimize production costs and obtain the same level of sub-utility over goods i
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	B. Pareto Improving Commodity Tax Reductions
	Following Kaplow (2005), consider a reform to the differential commodity taxes  with α ∈ (0,1) for all j. Step 1 becomes
	Ecuación_-_ing
	Figure

	which yields  ((1 + ατ)p, ω(s)). The income tax is reformed so that with the same income the individual can just afford this commodity bundle, that is
	j
	j
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	By revealed preference, it must be
	Ecuación_-_ing
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	(s) is the status quo commodity choice for all j. The status quo budget constraint is
	 (57)
	Figure

	(s), substituting into (56) and re-arranging yields
	 (58)
	Figure

	Next, recall that h and xh(s) yield the same sub-utility. Therefore, at the original prices xh(s) was chosen, which implies (by revealed preference) h was not affordable, that is,
	 (59)
	Figure

	Solving both (55) and (57) for y and setting equal yields:
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	Using (60) to substitute out for ∑j pj  in (59) and simplifying yields
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	Adding the right-hand side terms and the left-hand side terms of (61) and (58) we obtain
	For every y, the reformed income tax system ensures individuals have the same level of sub-utility and income as the status quo and raises more tax revenue. Summing (61) up over all individuals yields the government's budget constraints in the reformed and status quo allocations which using the individual budget constraints can be rewritten as
	h
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	Fewer resources are needed in the reformed allocation than in the status quo.
	Notes
	1. Exceptions include Christiansen (1984), Edwards et al. (1994), Nava et al. (1996) and Jacobs and Boadway (2014), all of whom derive conditions analogous to the Corlett-Hague Theorem for characterizing the direction in which commodity taxes should differ from uniformity.
	2. Deviations from these assumptions would lead to a violation of the Atkinson-Stiglitz Theorem, so differential commodity tax should be used alongside the optimal income tax. Examples of such violations include differences in preferences for goods (Saez, 2002), differences in needs (Boadway and Pestieau, 2003), differences in endowments (Cremer et al., 2001), endogenous wages (Naito, 1999) and externalities (Pirttilä and Tuomala, 1997). In fact, differential commodity taxation that is used in practice typi
	-
	-

	3. Crawford et al. (2011, p 350) note that ‘the available empirical evidence firmly rejects weak separability. [However,] the departures from weak separability, while significant, are quantitatively small [which] suggests that the gains from differentiation may not be large [...]. There is some evidence, and much anecdotal wisdom, that implementing such rate differentiation through the VAT would be quite costly’.
	4. Christiansen (1984) adopted a similar tax reform approach to examine the conditions under which deviations from uniform commodity taxation combined with a revenue-neutral adjustment to the optimal income tax system would be desirable. He demonstrates that weak separability implies consumption does not depend on leisure for a given amount of income. He shows that if the consumption for some good increases (decreases) with leisure holding income constant, then the good should be taxed (subsidized).
	5. We follow the convention of using superscripts to indicate individual types, including the income tax bracket of the individual's income, and subscripts to refer to goods and partial derivatives.
	6. Specifying utility in terms of income y instead of labour or leisure is for simplicity only. Income is proportional to labour by the given wage rate, and leisure is total hours available less hour worked.
	7. We could distinguish the utility of non-participants by individual, given that non-participants can include individuals with different productivities or preferences. Since that would simply complicate notation without affecting results, we let the utility of all non-participants be identical and given by u(∙).
	0

	8. Sandmo (1976) assumed the utility function was homothetic in all goods and leisure. However, as our tax reform analysis indicates, homotheticity in goods alone is sufficient to ensure commodity taxes are uniform in the optimum.
	9. Using (13) with τ = 0 and the post-reform budget constraint (14), the uniform commodity rate needed for the tax reform in Step 2 is given by 1 +  = ψ(p)/ψ(q).
	10. Formally, the government budget constraint combined with individual budget constraints yields the economy’s aggregate resource constraint.11. The needed uniform commodity tax rate is the same as in the case with identical individuals, that is, 1 +  =  ψ(p)/ψ(q).12. Another way to see this is to linearize the pre- and post-reform budget constraints to obtain: (1 – T'(y)) y + E and (1 – '(y)) y + 
	 where E and  are the ‘virtual incomes’ in the pre- and post-reform tax system, respectively. Substituting these linearized budget constraints and (47) into (45) yields (46) with –T(0) and –'(0) replaced by E and , respectively.13. This result holds regardless of form of ϕ(xM) (see Remark 3 of Laroque, 2005). Laroque (2005) considered the case of utility being weakly separable in two sub-utility functions defined over two different sets of goods. Each of the sub-utility functions are the same for all indivi
	References
	Apps, P., Van Long, N. and Rees, R. (2014), “Optimal piecewise linear income taxation”, Journal of Public Economic Theory, 16(4): 523-545.
	Atkinson, A. B. (1973), “How progressive should income tax be”, in M. Parkin and A. R. Nobay (eds.), Essays in Modern Economics, London: Longman, 90-109.
	Atkinson, A. B. and Sandmo, A. (1980), “Welfare implications of the taxation of savings”, Economic Journal, 90: 529-549.
	Atkinson, A. B. and Stiglitz, J. E. (1976), “The design of tax structure: direct vs. indirect taxation”, Journal of Public Economics, 6: 55-75.
	Banks, J. and Diamond, P. (2010), “The base for direct taxation”, in S. Adam, T. Besley, R. Blundell, S. Bond, R. Chote, M. Gammie, P. Johnson, G. Myles and J. Poterba (eds.), Dimensions of Tax Design: The Mirrlees Review, Oxford, U.K.: Oxford University Press, 548-648.
	Bastani, S., Blomquist, S. and Micheletto, L. (2019), “Nonlinear and piecewise linear income taxation, and the subsidization of work-related goods”, International Tax and Public Finance, 26: 806-834.
	Belan, P., Gauthier, S. and Laroque, G. (2008), “Optimal grouping of commodities for indirect taxation”, Journal of Public Economics, 55: 71-88.
	-

	Boadway, R. and Cuff, K. (2014), “Monitoring and optimal income taxation with involuntary unemployment”, Annals of Economics and Statistics, 113/114: 121-157.
	-

	Boadway, R. and Cuff, K. (2022), “A generalization of the Deaton-Hellwig results on uniform commodity taxation”, Journal of Public Economics, 214: 104731, 1-10.
	-

	Boadway, R., Marchand, M., Pestieau, P. and Del Mar Racionero, M. (2000), “Optimal redistribution with heterogeneous preferences for leisure”, Journal of Public Economic Theory, 4: 475-498.
	Boadway, R. and Pestieau, P. (2003), “Indirect taxation and redistribution: The scope of the Atkinson-Stiglitz theorem”, in R. Arnott, B. Greenwald, R. Kanbur and B. Nalebuff (eds.), Economics for an Imperfect World: Essays in Honor of Joseph E. Stiglitz, Cambridge, MA: MIT Press, 387-403.
	-

	Boadway, R. and Song, Z. (2016), “Indirect taxes for redistribution: Should necessity goods be favored?”, Research in Economics, 70: 64-88.
	-

	Browning, M. and Meghir, C. (1991), “The effects of male and female labor supply on commodity demands”, Econometrica, 59: 925-951.
	Christiansen, V. (1984), “Which commodity taxes should supplement the income tax”, Journal of Public Economics, 24: 195-220.
	-

	Choné, P. and Laroque, G. (2010), “Negative marginal tax rates and heterogeneity”, American Economic Review, 100(5): 2532-2547.
	-

	Corlett, W. J. and Hague, D. C. (1953), “Complementarity and the excess burden of taxation”, Review of Economic Studies, 21: 21-30.
	Crawford, I., Keen, M. and Smith, S. (2011), “Value added tax and excises”, in J. Mirrlees, S. Adam, T. Besley, R. Blundell, S. Bond, R. Chote, M. Gammie, P. Johnson, G. Myles and J. Poterba (eds.), Dimensions of tax design: The Mirrlees review, Oxford: Oxford University Press, 275-362.
	Cremer, H., Pestieau, P. and JRochet, J.-C. (2001), “Direct versus indirect taxation: The design of tax structure revisited”, International Economic Review, 42: 781-799.
	Cuff, K. (2000), “Optimality of workfare with heterogeneous preferences”, Canadian Journal of Economics, 33: 149-174.
	-

	Deaton, A. (1979), “Optimally uniform commodity taxes”, Economics Letters, 2: 357-361.
	Deaton, A. (1981), “Optimal taxes and the structure of preferences”, Econometrica, 49: 1245-1260.
	Deaton, A. and Muellbauer, J. (1980), Economics and consumer behavior, Cambridge, UK: Cambridge University Press.
	Diamond, P. A. (1980), “Income taxation with fixed hours of work”, Journal of Public Economics, 13: 101-110.
	Edwards, J., Keen, M. and Tuomala, M. (1994), “Income tax, commodity taxes and public good provision: A brief guide”, FinanzArchiv, 51: 472-497.
	-

	Fleurbaey, M. and Maniquet, F. (2011), A theory of fairness and social welfare, New York: Cambridge University Press.
	Gauthier, S. (2013), “Optimal tax base with administrative fixed costs”, International Tax and Public Finance, 20: 961-973.
	Gorman, W. M. (1961), “On a class of preference fields”, Metroeconomica, 15: 53-56.
	Hellwig, M. F. (2009), “A note on Deaton’s theorem on the undesirability of nonuniform excise taxation”, Economic Letters, 105: 186-188.
	-

	Hellwig, M. F. (2010), “A generalization of the Atkinson-Stiglitz theorem on the undesirability of nonuniform excise taxation”, Economic Letters, 108: 156-158.
	-

	Hungerbühler, M. and Lehmann, E. (2009), “On the optimality of a minimum wage: New insights from optimal tax theory”, Journal of Public Economics, 93: 464-481.
	Hungerbühler, M., Lehmann, E., Parmentier, A. and Van der Linden, B. (2006), “Optimal redistributive taxation in a search equilibrium model”, Review of Economic Studies, 73: 743-767.
	Jacobs, B. and Boadway, R. (2014), “Optimal linear commodity taxation under optimal non-linear income taxation”, Journal of Public Economics, 117: 201-210.
	Jacobs, B. and Van der Ploeg, F. (2019), “Redistribution and pollution taxes with non-linear Engel curves”, Journal of Environmental Economics and Management, 95: 198-226.
	-

	Jacquet, L., Lehmann, E. and Van der Linden, B. (2014), “Optimal income taxation with Kalai wage bargaining and endogenous participation”, Social Choice and Welfare, 42: 381-402.
	Kaplow, L. (2006), “On the desirability of commodity taxation even when income taxation is not optimal”, Journal of Public Economics, 90: 1235-1250.
	-

	Kaplow, L. (2020), “A unified perspective on efficiency, redistribution, and public policy”, National Tax Journal, 73(2): 429-472.
	Kroft, K., Kucko, K., Lehmann, E. and Schmieder, J. (2020), “Optimal income taxation with unemployment and wage responses: A sufficient statistics approach”, American Economic Journal: Economic Policy, 12(1): 254-292.
	-

	Laroque, G. (2005), “Indirect taxation is superfluous under separability and taste homogeneity: A simple proof”, Economics Letters, 87: 141-144.
	-

	Lehmann, E., Paramentier, A. and Van de Linden, B. (2011), “Optimal income taxation with endogenous participation and search unemployment”, Journal of Public Economics, 95: 1523-1537.
	-

	Meltzer, A. H. and Richard, S. F. (1981), “A rational theory of the size of government”, Journal of Political Economy, 89: 914-927.
	-

	Mirrlees, J. A. (1971), “An exploration in the theory of optimum income taxation”, Review of Economic Studies, 38: 175-208.
	Mirrlees, J., Adam, S., Besley, T., Blundell, R., Bond, S., Chote, R., Gammie, M., Johnson, P., Myles, G. and Poterba, J. (2011), Tax by design: The Mirrlees review, Oxford: Oxford University Press.
	Naito, H. (1999), “Re-examination of uniform commodity taxes under a non-linear income tax system and its implication for production efficiency”, Journal of Public Economics, 71: 165-188.
	Nava, M., Schroyen, F. and Marchand, M. (1996), “Optimal fiscal and public expenditure policy in a two-class economy”, Journal of Public Economics, 61: 119-137.
	Pirttilä, J. and Tuomala. M., (1997), “Income tax, commodity tax and environmental policy”, International Tax and Public Finance, 4: 379-393.
	-

	Ramsey, F. P. (1927), “A contribution to the theory of taxation”, Economic Journal, 37: 47-61.
	Saez, E. (2002a), “Optimal income transfer programs: intensive vs extensive labor supply responses”, Quarterly Journal of Economics, 117: 1039-1073.
	Saez, E. (2002b), “The desirability of commodity taxation under non-linear income taxation and heterogeneous tastes”, Journal of Public Economics, 83: 217-230.
	-

	Saez, E., Slemrod, J. and Giertz, S. H. (2012), “The elasticity of taxable income with respect to marginal tax rates: a critical review”, Journal of Economic Literature, 50: 3-50.
	Sandmo, A. (1974), “A note on the structure of optimal taxation”, American Economic Review, 64: 701-706.
	 

	Sandmo, A. (1976), “Optimal taxation: an introduction to the literature”, Journal of Public Economics, 6:37-54.
	 

	Sheshinski, E. (1972), “The optimal linear income tax”, Review of Economic Studies, 39: 297-302.
	Slemrod, J. (1990), “Optimal taxation and optimal tax systems”, Journal of Economic Perspectives, 4: 157-178.
	Slemrod, J., Yitzhaki, S.,  Mayshar, J. and Lundholm, M. (1994), “The optimal two-bracket linear income tax”, Journal of Public Economics, 53: 269-290.
	-

	Stiglitz, J. E. (1982), “Self-selection and pareto efficient taxation”, Journal of Public Economics, 17: 213-240.
	Strawczynski, M. (1988), “Social insurance and the optimum piecewise linear income tax”, Journal of Public Economics, 69: 371-388.
	Tuomala, M. (1990), Optimal income tax and redistribution, Oxford: Clarendon Press.
	Wilson, J. D. (1989), “On the optimal tax base for commodity taxation”, American Economic Review, 79: 1196-1206.
	Resumen
	Generalizando el enfoque de reformas fiscales de Laroque (2005), Kaplow (2006) y Hellwig (2009), mostramos que para cualquier sistema de imposición sobre la renta, la imposición diferencial sobre las mercancías puede ser dominada en el sentido de Pareto por una reforma que grave todas las mercancías a un tipo único, siempre y cuando se convine con un impuesto sobre la renta adecuado. A partir de un modelo de agente representativo, bajo determinadas especificaciones particulares de preferencias, derivamos la
	-

	Palabras clave: imposición uniforme sobre el consumo, impuesto óptimo sobre la renta, impuesto sobre la renta lineal por tramos.
	Clasificación JEL: H21, H23, H24.







