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Abstract: 

This article argues the existence of a linear relationship between a parametric 
model of income equalization and the Gini coefficient, G . Concretely, a linear 
relationship of the form G A A= − , where  is the parameter that determines the 

power of redistribution of that model and A  is a positive number. The article: (i) 
shows why this linear relationship appears and identifies A  in terms of recognisable 
economic terms; and (ii), in the context of this model, explores if the Gini coefficient 
can be decomposed by income groups and if the parameter   plays any part in this 

decomposition. 
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1. Introduction 

The Gini coefficient, arguably the most widely used instrument to measure income 
inequality, is based on the sum of the absolute value of all pair-wise income 
differences of the population under study. Also, and this is a much less known 
proposition, under some conditions, the Gini coefficient is a direct proxy for 
redistribution intensity. Consider a model of income equalization in which the 
power of redistribution can be measured by parameter  . It can be shown that 

there is a relationship between the parameter   and the Gini coefficient, G : a 

linear relationship of the form G A A= − , where A  is a positive number. For 0 =

, the relationship yields no redistribution and G A= ; and for 1 = , it yields 

complete equalization and 0G = .1 

The object of this article is twofold: First, to find out why this linear relationship 
appears and to identify the parameter A  in terms of recognisable economic terms. 
And second, in the context of this model, to explore if the Gini coefficient can be 
decomposed by income groups and if the parameter   plays any part in this 

 
* I wish to thank two anonymous referees of the Review of Public Economics for their insightful 
comments on a previous draft of this article.   

1 Zabalza (2020), in a piece on resources and needs of the Spanish system of Sub National 
Governments, SNGs, presents without analysis this type of relationship between the Gini 
coefficient, G, and the parameter ρ.  
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decomposition. The approach of the analysis is methodological, but its results are 
numerically illustrated using real data taken from the Spanish system of Sub 
National Governments, SNGs.  

We hope this exercise may contribute to the understanding of the relation between 
public policy prescriptions and the measurement of inequality (Cowell, 2008). 
Admittedly, we attempt this in the context of a very particular model of 
redistribution, so it is important to emphasize from the outset that the results of this 
exercise are model-contingent. But, to the extent that the characteristics of actual 
policy prescriptions can be parametrized, these findings could also have a more 
general relevance. 

 

2. A model of income redistribution2 

To illustrate our findings, we use data on the Spanish system of Subnational 
Governments, SNGs. Thus, in the description of the model of redistribution that 
generates our data, instead of referring to abstract observation units, we refer 
directly to SNGs. 

Let us assume the existence of n  SNGs. ( ) 1 ...  iSNG i n= has iN  adjusted 

inhabitants3 and 
iT  assessed revenue derived from ceded taxes. For the whole 

system of SNGs, total adjusted inhabitants and total tax revenue are respectively N  
and T , which are defined as 

 
1 1

   and   
n n

i i

i i

N N T T
= =

= =  . (1) 

Therefore, the shares of adjusted inhabitants and tax revenue of the ith SNG, 

respectively i  and 
i , are 

 
2 The detailed description of this parametric model of redistribution can be found in Section 4 of 
Zabalza (2018). For a general analysis of the finance of federal systems and of the Spanish SNGs 
system see, among others, Bird and Smart (2002), Boadway and Shah (2009), Fernández Leiceaga 
(2015), Martínez-Vázquez and Searle (2007), Zabalza (2016) and Zabalza and López-Laborda (2011). 
3 Spanish SNGs differ substantially in size. To control for this difference, the variable the inequality of 
which across the whole set of SNGs we want to measure is not 

iR , the resources of the ith SNG, but 
the resources per adjusted population, 

i iR N , of the ith SNG. The exercise, therefore, is an analysis 
of the variation of fourteen ratios; it does not deal with the measurement of the income inequality 
within each of the 14 SNGs considered. Also, as it is shown below in footnote 4, rather than 
inhabitants, the system considers what is known as “adjusted inhabitants”, which is a measure of 
the expenditure needs of the SNGs that adjusts their number of inhabitants depending on geo-
demographic variables such as the area and dispersion of the region and the age structure of its 
inhabitants. 
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    and   i i
i i

N T

N T
 = = . (2) 

and 

 
1 1

1
n n

i i

i i

 
= =

= =  . (3) 

In addition to the resources SNGs obtain from the set of taxes assigned to them, 
they also receive from the central government (the administrator of the system) an 

equalising transfer, iS  , the definition of which is: 

 ( ) ( )i i i iS R T T   = − + − , (4) 

where R  is the total amount of after-transfer resources that the system puts at the 
disposal of the n  SNGs. The transfer has two components: first, a vertical transfer, 

( )i iVS R T = − , the sum of which over the n  SNGs equals ( )R T− ; and second, a 

purely redistributive horizontal transfer, ( )i i iHS T  = − , where, for a given T , 

( )0 1   measures the power of the redistributive mechanism of the transfer and 

where the sum of iHS  over the 𝑛  SNGs equals 0.  

The final resources for the ith SNG are:  

 i i iR T S= + , (5) 

or, using (4): 

 ( ) ( )i i i i iR T R T T   = + − + − . (6) 

Our interest in this paper lies not so much on the resources each SNG has, but on 

its resources per capita. Dividing expression (6) by iN , and after some simple 

manipulations, we obtain: 

 ( )
1i i i

i i i

R TR T T

N N N N






−  
= + + − 

 
. (7) 

The resources per adjusted inhabitant of the ith SNG are its tax revenue per adjusted 
inhabitant, plus the average vertical transfer (common to all SNGs), plus a third term 
that measures the redistribution of resources that the model contemplates. This 

third term can be positive or negative depending on the value of the ratio ( )i i  . 

For SNGs the ratio of which is greater than 1 the third term detracts resources, 
whereas for SNGs the ratio of which is lower than 1 the third term adds resources.  
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From expression (7), resources per adjusted inhabitant depend on the parameter 

; that is, on the power of the redistributive mechanism. 

If 0 =  (that is, if the horizontal transfer is not in operation) resources per adjusted 

inhabitant of the ith SNG  are:  

 i i

i i

R TR T

N N N

− = + 
 

. (8) 

There is no redistribution: beyond the average vertical transfer, resources per 
adjusted inhabitant of the SNGs depend exclusively on their tax revenue per 
adjusted inhabitant. 

If 0 1   (the horizontal transfer becomes operative), using the definitions of i  

and i   given in (2), we find that, 

 ( ) ( )1 1i i

i i

R TR T

N N N N
 

 = − − + − 
 

. (9) 

Finally, if 1 = the horizontal transfer is operating at its maximum potency and 

 ,          i

i

R R
i

N N
=  . (10) 

Resources per adjusted inhabitant for all SNGs are the same and equal to the mean 
R N . Full equality is obtained.  

Figure 1, which measures ( )i iR N  in the vertical axis and ( )i iT N in the horizontal 

axis, shows graphically the three linear functions: (8), (9) and (10). 

If 0 = , the vertical intercept is ( )R T N−   , the per adjusted inhabitant average of 

the vertical transfer, and the slope of the variable ( )i iT N  is 1. SNGs share equally 

the vertical transfer, but beyond that they keep all their tax revenue. If 0 1  , the 

vertical intercept rises to ( ) 1 /R T N− −    and the slope falls to ( )1 − . The 

function rotates clockwise around point ( ) ( ) , R N T N    and, because of the 

redistributive effect of the horizontal transfer, the increase in resources per adjusted 
inhabitant is less than the increase in tax revenue per adjusted inhabitant. And if 

1 = , the vertical intersect increases further to ( )R N  and the slope falls to 0. 

Redistribution reaches its maximum level and the ratio of resources per adjusted 

inhabitant, ( )R N , is the same for all SNGs irrespective of their tax revenue per 

adjusted inhabitant. 
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It is useful to look also at the three situations depicted en Figure 1 in terms of the 
difference between the resources that the ith SNG obtains from the system and 
those that come from its own taxes. 

If 0 = , this difference is simply the average of the vertical transfer; that is: 

 ,          i i

i i

R T R T
i

N N N

−
− =   (11) 

There is no redistribution and, with respect to its own taxes per adjusted inhabitant, 
all SNGs receive the same vertical transfer, ( )R T N− . 

If 0 1  , the difference is equal to the average vertical transfer plus a new term 

that depends on the product of   and the gap between the SNG own tax revenue 

per adjusted inhabitant and the mean tax revenue per adjusted inhabitant. 

 i i i

i i i

R T TR T T

N N N N N

 −

− = − − 
 

. (12) 

Figure 1
Shape of the resources per adjusted inhabitant function for different values of ρ
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Thus, SNGs for which ( ) ( )i iT N T N , on top of the vertical transfer, obtain 

additional finance, and vice-versa for SNGs for which ( ) ( )i iT N T N . 

Finally, if 1 = , 

 i i i

i i i

R T TR T T

N N N N N

 −
− = − − 

 

. (13) 

Redistribution operates at full intensity so that, for all SNGs, the difference between 
their resources per adjusted inhabitant and their tax revenue per adjusted 
inhabitant equals the gap between mean resources per adjusted inhabitant for the 
whole system and the SNG tax revenue per adjusted inhabitant. That is, 

 i i i

i i i

R T TR

N N N N
− = − . (14) 

Table 1, using data from the Spanish system of SNGs for year 20224, shows in 
columns (1) and (2) the values of, respectively, tax revenue iT  and the value of the 

adjusted inhabitants variable (
iN )5, and in columns (3), (4) and (5) the values of 

iR  

for the three values of   used in Figure 1. That is, the resources that would be 

obtained with the model of redistribution here considered. In going from 0 =  to

1 = , the four SNGs for which ( ) 1i i    (MAD, BAL, CAT and CTB) successively 

decrease their resources per unit of need until they reach the average value for 1 =

, while the ten SNGs for which ( ) 1i i    (ARA, VAL, RIO, AST, CYL, GAL, MUR, AND, 

CLM and EXT) do the opposite.6 

 
4 Actual data from the Spanish SNG system (year 2022) are used in the assessed tax revenue of each 
SNG, 

iT ; in their adjusted inhabitants, 
iN ; and in the total amount of resources for the fourteen 

SNGs, R . The rest of the data are generated by the model of redistribution. 
5 The “adjusted inhabitants” variable (N) depends on seven indicators of need, each of which 
contributes with a given percentage to the total value of this index. “Population” contributes 30% of 
the index; “Area”, 1.8%; “Dispersion”, 0.6%; “Insularity”, 0.6%; “Equivalent Protected Population” 
(EPP), 38%; “Population older than 65 years”, 8.5%; and “Population younger than 17 years”, 20.5%. 
Each year, the sum of these contributions yields a relative distribution of needs across the SNGs of 
the system, which applied to the total population of that year generates the index of expenditure 
needs known as “adjusted inhabitants”. BOE (2009) and Ministerio de Hacienda (2026). 
6 The short names of the SNGs signify: MAD, Madrid; BAL, Balearic Islands; CAT, Catalonia; CTB, 
Cantabria; ARA, Aragon; VAL, Valencia; RIO, La Rioja; AST, Asturias; CYL, Castille and Leon; GAL, 
Galicia; MUR, Murcia; AND, Andalucia; CLM, Castille-La Mancha; and EXT, Extremadura. In this 
exercise we ignore the SNGs Basque Country, Navarre and Canary Islands because of their different 
finance system.  
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And Table 2 shows: in column (1) the tax revenue per adjusted inhabitnat for all 
SNGs; in columns (2), (4) and (6) the resources per adjusted inhabitant for all SNGs 
for, respectively, 0 = , 0.5 =  and 1 = ; and in columns (3), (5) and (7) the 

diference between the ratio of resources per adjusted inhabitant, ( )i iR UN  and tax 

revenue per unit of need, ( )i iT UN , for, respectively, 0,  =0.5 and 1.  = = iT , iUN  

and the total amount of resources, R , the data taken from the actual Spanish SNG 
system, are independent of  . The resources of each SNG, iR , and the resources 

per unit of need of each SNG, ( )i iR UN  depend on parameter  7. 

 

 
7 Recall that 

iT  is not actual tax revenue but assessed tax revenue. That is, the tax revenue that the 
central government estimates each SNG should obtain from ceded taxes under conditions of 
compliance equal to those of the central government when the tax base is shared between the two 
levels of government, or under conditions of compliance commonly established for all SNGs for 
those tax figures the tax base of which is totally assigned to the SNGs. The total amount of resources 
that the system provides to all SNGs, R, is a policy decision taken by the central government. And the 
Adjusted Inhabitants of each SNG, 

iN , are determined arithmetically according to the shares of the 
geo-demographic variables detailed in footnote 5, also by the central government. 
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For 0 = , since the horizontal transfer is not in operation, the only effect on 

resources per unit of need is that produced by the vertical transfer, common to all 
SNGs and financed by the Central Government. This, as can be seen in column (3), 
amounts to 226 euros per unit of need, which adds up to a total of € Million 9,547 for 
all SNGs, equivalent to € 3,351 per unit of need. For 0.5 = , while the total cost of 

the transfer is maintained at € 3,351 per unit of need, the distribution across SNGs 
varies significantly. Resources per unit of need decrease in Cantabria, Cataluña, 
Baleares and Madrid (in fact, in CAT, BAL and MAD, the new resources per unit of 
need fall below their respective tax revenue per unit of need) and in all the other 
SNGs increase. The same pattern is repeated for 1 = , but with more resources 

being redistributed.  

Overall, in going from 0 =  to 1 = , the effect of the horizontal transfer on the total 

resources of CAT, BAL and MAD is € Million -13,403, and on the rest of the SNGs € 
Million 13,403. In total, the horizontal transfer redistributes 9.47% of the total 
amount of SNGs resources; that is, of € Million 141,4738. Also, as can be seen from 
columns (2), (4) and (6), the rank of SNGs regarding their resources per unit of need 

 
8 ( )13,403 141,473 *100 9.47=  

Table 2
Spanish SNGs system, 2022
Difference between Resources and Tax Revenue (both per adjusted inhabitant) for different values of ρ
(Euros per adjusted inhabitant))

Ti/Ni Ri/Ni Ri/Ni-Ti/Ni Ri/Ni Ri/Ni-Ti/Ni Ri/Ni Ri/Ni-Ti/Ni
(1) (2) (3)=(2)-(1) (4) (5)=(4)-(1) (6) (7)=(6)-(1)

EXT 2,078 2,304 226 2,827 750 3,351 1,274
CLM 2,374 2,600 226 2,976 602 3,351 977
AND 2,457 2,684 226 3,017 560 3,351 894
MUR 2,475 2,701 226 3,026 551 3,351 877
GAL 2,499 2,725 226 3,038 539 3,351 852
CYL 2,721 2,948 226 3,149 428 3,351 630
AST 2,780 3,006 226 3,179 399 3,351 571
RIO 2,875 3,101 226 3,226 351 3,351 476
VAL 2,982 3,208 226 3,279 298 3,351 370
ARA 3,054 3,281 226 3,316 262 3,351 297
CTB 3,136 3,362 226 3,357 221 3,351 215
CAT 3,641 3,868 226 3,609 -32 3,351 -290
BAL 3,705 3,931 226 3,641 -64 3,351 -353
MAD 4,468 4,694 226 4,022 -445 3,351 -1,116
Total 3,125 3,351 226 3,351 226 3,351 226

ρ=0 ρ=0.5 ρ=1
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is maintained as the system goes from 0 =  to 1 = . Reordering cannot occur even 

when 1 = . 

Figure 2 shows graphically the extent of this redistribution for the movement from 
0 =  to 1 = , and compares this effect with the tax revenue per unit of need of the 

fourteen SNGs considered in this exercise. The vertical difference 

( )( ) ( )0i i i iR UN T UN = −  is 226 € per unit of need for all SNGs, but with   greater 

than zero, CAT, BAL and MAD, despite the positive vertical transfer, end up with 
resources per unit of need below their own tax revenue per unit of need, so the effect 
of the redistribution on these SNGs is negative. In other words, for these three SNGs, 
the two blue lines for 0.5 =  and 1 =  lie below the red line. 

 

 

 

Finally, Figure 3 presents the Lorenz curve of resources, R, and adjusted inhabitants, 
N. For 1 =  the fourteen SNGs distribute themselves along the equality diagonal of 

the figure. Resources per unit of need are the same for all SNGs, namely 3,351 
euros. The cumulative distribution of iR  is the same as the cumulative distribution 

of iN . But for 1  , for each value of the cumulative distribution of iN , the value of 

the cumulative distribution of iR  falls. This happens to all SNGs. But in addition, the 

extent of the total fall between 0 =  and 1 =  differs across SNGs. While for EXT 

is practically inexistent and for CLM very small, it goes on increasing monotonically 
until CTB, to then narrow down rapidly for CAT and BAL, and even more rapidly for 
MAD. These differences between the cumulative distributions of  and i iR N  are the 

cause of the convexity of the curves for 0.5 =  and 0 = , and of the underlying 

inequality of resources per adjusted inhabitant among SNGs. The lower is  , the 
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further down the Lorenz curve goes and the more unequal the distribution of 
resources per adjusted inhabitant is. 

 

 

 

As is well known, if in Figure 3 we call the area between the equality line and the 
corresponding Lorenz curve, B, and the area between the Lorenz curve and the 
bottom and right-hand side axis, C, the Gini coefficient is ( )B B C+ . It is therefore 

obvious that as   decreases from 1 to 0, the Gini coefficient increases from 0 to the 

value determined by a distribution where, apart from the common vertical transfer, 
the resources of each SNG are equal to its own tax revenue, as expression (8) makes 
clear. 

 

3. Parameter ρ: The power of redistribution of the model 

As Tables 1 and 2, and Figures 2 and 3 show, the parameter   plays a key role in the 

redistribution model. In this section we define this parameter and identify the way 
in which it determines the power of the redistribution model. 

From expression (9), it follows that 

 ( )1i i

i i

R TR T

N N N N

 

− = − − 
 

,  
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from which it is easy to define parameter   as 

 1

i

i

i

i

R R

N N

T T

N N



−
= −

−
. (15) 

Parameter   is the proportionate size of the gap between ( ) ( )i iT N T N−        and 

( ) ( )i iR N R N−       . The larger this gap, the larger is  . 

This can be seen more explicitly holding constant the distribution of tax revenue 
across SNGs and seeing what happens to the distribution of resources per unit of 
adjusted population as parameter   increases. 

Table 3 presents this exercise. In the first panel of the table, consider the 
implications of assuming 0 = . Then, for all SNGs, the absolute value of the 

difference respect to its mean of resources per adjusted inhabitant equals the 
absolute value of the difference, also respect to its mean, of tax revenue per 
adjusted inhabitant.  

           i i

i i

R TR T
i

N N N N
− = −  . (16) 

There is no redistribution and by expression (15), and consistently with our 
assumption, it checks that, for all SGNs, 

 0          .i =   

Assuming 0.5 = , in the second panel of Table 3, it turns out that, for all SNGs, 

           i i

i i

R TR T
i

N N N N
−  −  . (17) 

Since the tax revenue term is the same as in expression (15), it follows that in 
expression (17), compared with expression (15), there is a movement of 
concentration of the resources per adjusted inhabitant. There is a certain amount of 
redistribution and, by expression (15), as it should be, consistently with the 
underlying assumption, for all SNGs, 

 0.5          i =  . 
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Table  3
The effect of parameter ρ on the ratio between [(Ri/Ni)-(R/N)] and [(Ti/Ni)-(T/N)]
(Euros per adjusted inhabitant)

Ri/Ni Ri/Ni-R/N Ti/Ni Ti/Ni-T/N Ratio ρ
(1) (2) (3) (4) (5)=(2)/(4) (6)=1-(5)

EXT 2,304 -1,047 2,078 -1,047 1 0
CLM 2,600 -751 2,374 -751 1 0
AND 2,684 -668 2,457 -668 1 0
MUR 2,701 -651 2,475 -651 1 0
GAL 2,725 -626 2,499 -626 1 0
CYL 2,948 -404 2,721 -404 1 0
AST 3,006 -345 2,780 -345 1 0
RIO 3,101 -250 2,875 -250 1 0
VAL 3,208 -144 2,982 -144 1 0
ARA 3,281 -71 3,054 -71 1 0
CTB 3,362 11 3,136 11 1 0
CAT 3,868 516 3,641 516 1 0
BAL 3,931 579 3,705 579 1 0
MAD 4,694 1,343 4,468 1,343 1 0
All 3,351 0 3,125 0

Ri/Ni Ri/Ni-R/N Ti/Ni Ti/Ni-T/N Ratio ρ
(1) (2) (3) (4) (5)=(2)/(4) (6)=1-(5)

EXT 2,827 -524 2,078 -1,047 0.5 0.5
CLM 2,976 -375 2,374 -751 0.5 0.5
AND 3,017 -334 2,457 -668 0.5 0.5
MUR 3,026 -325 2,475 -651 0.5 0.5
GAL 3,038 -313 2,499 -626 0.5 0.5
CYL 3,149 -202 2,721 -404 0.5 0.5
AST 3,179 -172 2,780 -345 0.5 0.5
RIO 3,226 -125 2,875 -250 0.5 0.5
VAL 3,279 -72 2,982 -144 0.5 0.5
ARA 3,316 -35 3,054 -71 0.5 0.5
CTB 3,357 5 3,136 11 0.5 0.5
CAT 3,609 258 3,641 516 0.5 0.5
BAL 3,641 290 3,705 579 0.5 0.5
MAD 4,022 671 4,468 1,343 0.5 0.5
All 3,351 0 3,125 0

Ri/Ni Ri/Ni-R/N Ti/Ni Ti/Ni-T/N Ratio ρ
(1) (2) (3) (4) (5)=(2)/(4) (6)=1-(5)

EXT 3,351 0 2,078 -1,047 0 1.0
CLM 3,351 0 2,374 -751 0 1.0
AND 3,351 0 2,457 -668 0 1.0
MUR 3,351 0 2,475 -651 0 1.0
GAL 3,351 0 2,499 -626 0 1.0
CYL 3,351 0 2,721 -404 0 1.0
AST 3,351 0 2,780 -345 0 1.0
RIO 3,351 0 2,875 -250 0 1.0
VAL 3,351 0 2,982 -144 0 1.0
ARA 3,351 0 3,054 -71 0 1.0
CTB 3,351 0 3,136 11 0 1.0
CAT 3,351 0 3,641 516 0 1.0
BAL 3,351 0 3,705 579 0 1.0
MAD 3,351 0 4,468 1,343 0 1.0
All 3,351 0 3,125 0

ρ=0

ρ=0,5

ρ=1
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Finally, assuming 1 = , third panel of the table, we obtain 

 0          i

i

R R
i

N N
− =   (18) 

and  

 1          .i =   

Redistribution is at its maximum level and 

           .i

i

R R
i

N N
=   

Resources per adjusted inhabitant equal the mean R N  for all SNGs. There is no 

inequality. 

 
4. Linear relationship between the Gini coefficient and the parameter ρ 

The normative parameter   indicates the power of the redistributive model here 

considered and, to that extent, generates a variety of distributions of income that 
differ in their degree of equality. As just considered, Figure 3 shows that the higher 
is  , the more equal the distribution becomes. This may not make   an objective 

measure of equality, but the fact that, as indicated in the introduction to this article, 
there exists a linear relationship between the parameter   and the Gini coefficient 

of the form 

 G A A= − , (19) 

indicates that, up to a linear transformation,   contains all the information given 

by G. 

In the following section we show how the relationship (19) arises and identify the 
parameter A  in terms of recognisable economic terms. 

4.1 The Gini coefficient 

Of the many ways in which the Gini coefficient, G , can be expressed, we take the 

one that measures the inequality between a set of n  numbers ( )1 2,  ,  ... yny y  by 

adding up the absolute differences between every pair of numbers and dividing this 
sum by 22n times the average of the whole set of numbers,  . That is: 
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 1 1

22

n n

i j

i j

y y

G
n 

= =

−
=


, (20) 

where   is 

 1

n

i

i

y

n
 ==


. (21) 

Following Pyatt (1976), arithmetically, it must be the case that 

 ( )
1 1 1 1

2 max 0 , y
n n n n

i j i j

i j i j

y y y
= = = =

− = −  , (22) 

therefore, using (22), it follows that: 

 
( )

1 1

2

max 0 , y
n n

i j

i j

y

G
n 

= =

−
=


. (23) 

Expression (23) is the one with which we develop our analysis below. For our 
purposes, expression (23) is preferable to expression (20) for the greater algebraic 
manipulability that the max function offers respect the absolute function. 

4.2 Identification of the linear relationship between G and ρ 

To evaluate expression (23) above, we note that, as far as our problem is concerned, 

the difference i jy y−  is the difference of resources per adjusted inhabitant of 

respectively iSNG  and jSNG . That is,    

 ji
i j

i j

RR
y y

N N
− = − . 

Reordering expression (9) above, it follows that 

 i i i

i i i

R T TR T T

N N N N N


 −
= + + − 

 
, (24) 

and 

 .
j j j

j j j

R T TR T T

N N N N N


 −
= + + −  

 
 (25) 

Therefore, the difference  ( ) ( )i i j jR N R N− is: 
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j j ji i i

i j i j i j

R T TR T T

N N N N N N


   
− = − − −      

   
, (26) 

where the two parenthesis on the right-hand side of expression (26), which 
depending on the pair compared can be positive or negative, are equal. 

Now, using expression (23), we have that the Gini coefficient expressed according 
to the definition of the differences between resources per adjusted inhabitant given 
by (26), is: 

 
1 1

2

max 0 , 
n n

j ji i

i j i j i j

T TT T

N N N N
G

n





= =

    
− − −        

    =


, (27) 

where the average   is now defined as: 

 1

1

n

i

i

n

i

i

R

N

 =

=

=



. (28) 

Solving for the numerator of (27), the Gini coefficient can also be expressed as a 
linear combination of parameter   as shown by the following expression: 

 
1 1 1 1

2 2
.

n n n n
j ji i

i j i ji j i j

T TT T

N N N N
G

n n


 

= = = =

   
− −      

   = −
 

 (29) 

From the max function and given that 
2 0n    and for 0 1  , it must be the case 

that the right-hand side of (29) is a positive number. Alternatively, writing this right-
hand side in a more compact form, it must also be the case that the following 
inequality follows: 

 ( )1 1

2
1 0

n n
ji

i j i j

TT

N N

n




= =

 
−  

  − 


, (30) 

Since ( )1 0−  , we conclude that the ratio in the left hand-side of (30), which we 

call A , must also be positive: 

 
1 1

2
0

n n
ji

i j i j

TT

N N
A

n 

= =

 
−  

 = 


 (31) 
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We have thus shown that the Gini coefficient of the set of n  numbers  

 1 2

1 2

, ,  ... , n

n

RR R

N N N

 
 
 

, 

defined by expressions (24) and (25), ,i j , can effectively be calculated by the 

following expression: 

 G A A= −  (32) 

where A  is a positive number defined as:  

 
1 1

2

n n
ji

i j i j

TT

N N
A

n 

= =

 
−  

 =


. (33) 

The G coefficient is obtained, in this case, from the sum of exclusively the 
differences of tax revenue per adjusted inhabitant for all pairs of observations, as 
indicated by expression (33), and from the parameter   as indicated by expression 

(32). Notice that the per adjusted inhabitant average of the vertical transfer, 

( )R T N−   , being common to all SNGs, cancels out in all pair-wise comparisons. 

Another interesting result is that expression (32) -and therefore, also expression 
(29)- neatly disaggregates the overall Gini coefficient in two parts: First, the Gini 
coefficient that measures the initial level of inequality due to differences in income 
per adjusted inhabitant -and therefore, tax revenue per adjusted inhabitant-, which 
is measured by the number A . And second, the reduction of this initial inequality 
due to the redistribution mechanism, which is measured by A . For a given A , the 

greater the parameter   is, the greater the reduction of the initial level of inequality 

will be. 

A final point that must be emphasized concerns the two necessary conditions for 
result (32) to hold: First, that the rank of SNGs regarding their resources per adjusted 
inhabitant is invariable with respect to parameter  . That is, that reordering of SNGs 

cannot happen. And second, that the mean   is constant for all values of .  Both 

are reasonable conditions which are fulfilled by the model of redistribution analysed 
in Section 2. The first condition comes naturally from all proportional redistribution 
schemes such as the one described above. And the second is also appropriate in a 
conceptual redistributive experiment in which total resources, R, and total adjusted 
inhabitants, N, are given and what varies is the intensity of the mechanism that 
redistributes these fixed resources between the different SNGs: the value of  . 
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5. Empirical illustration of the G = A - Aρ relationship 

Table 4 presents the Gini coefficients calculated with expression (29) for the data on 
tax revenue and resources, both per adjusted inhabitant, of Table 1, but not only for 
the three values of ρ shown in that table, but for the eleven values (0; 0.1; 0.2; … ; 1) 
of the range 0 1  . 

 

Figure 4 shows graphically the data shown in Tables 1 and 2. There exists a linear 
relationship between G and  , which for this illustration is: 

 0.0984 0.0984G = −  

 

Also, we evaluate parameter A  using expression (33), where the numerator and 
denominator of the ratio are measured in euros per adjusted inhabitant, which turns 
out to be 0.0984: 

Table 4
Gini coefficient (G) for (0≤ρ≤1)

ρ G
0 0.0984

0.1 0.0886
0.2 0.0787
0.3 0.0689
0.4 0.0590
0.5 0.0492
0.6 0.0394
0.7 0.0295
0.8 0.0197
0.9 0.0098
1 0.0000
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1 1

2

64,644
0.0984

565,843

n n
ji

i j i j

TT

N N
A

n 

= =

 
−  

 = = =


 

The eleven Gini coefficients of Table 4, as Figure 4 shows, define graphically, as 
expected, the downward linear relationship (32) between G and  ; and parameter 

A  equals 0.0984, which is precisely the Gini coefficient for 0 = in Table 4, as it 

should be according to expression (32). 

 

6. Decomposition of the Gini coefficient 

The Gini coefficient has not proved to be an easy measure of inequality to 
decompose9. We show in this section that using expressions (32) and (33) a 
decomposition of the overall Gini coefficient is perfectly possible, particularly when 
the groups in question do not present, as is our case, overlaps in the variable the 
inequality of which is to be measured. 

Let us order in Table 5, for year 2022, the SNGs according to their ratio i i   and 

decompose the fourteen SNGs into three groups that we call: Lower (L), Middle (M) 
and Upper (U). The three groups are defined by the relative proximity of its members 

in terms of the ratio i i  . Figure 5 depicts the position of the fourteen SNGs. 

 

 

 
9 See, among others, Pyatt (1976), Cowell (1980), Shorrocks (1980) and Ebert (1988). 

Table 5
Ordering of SNGs, 2022

βi/αi

1. EXT 0.6648
2. CLM 0.7597
3. AND 0.7863
4. MUR 0.7918
5. GAL 0.7996
6. CYL 0.8708
7. AST 0.8897
8. RIO 0.9200
9. VAL 0.9541
10. ARA 0.9774
11. CTB 1.0035
12. CAT 1.1652
13. BAL 1.1854
14. MAD 1.4296
Lower group: EXT, CLM, AND, MUR and GAL.

Middle group: CYL, AST, RIO, VAL, ARA and CTB.

Upper group: CAT, BAL and MAD.
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We know from (32) and (33) that 

 ( )1G A = − , 

and 

   ( )
14 14

2
1 1

1
1

ji

ii j j

TT
G

n N N


 = =

 
= − −  

 
 .    (34) 

To identify the contribution of the three groups to the inequality measured by the 
Gini coefficient, G , we must decompose the double sum of expression (34) into the 
different channels through which these groups exert their effect. And to that end, it 
is useful to inspect the whole matrix of pair-wise differences of tax revenue per unit 
of need between the fourteen SNGs, which is shown in Figure 6. 

Given the ordering of the SNGs by their ratio i i  , values above the diagonal of the 

matrix are all zero and values below the diagonal are all positive. Therefore, in the 
decomposition of (34), what matters are the six elements identified with letters in 
the matrix. 

Let us first consider the three triangular blocks (WL, WM and WU), which measure 
the pair-wise difference of tax revenue per unit of need within, respectively, the five 
SNGs of the lower group, the six SNGs of the middle group and the three SNGs of 
the upper group. That is, these three blocks measure the pair-wise differences 
associated with the within-group inequality of the system and their definition is: 
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11 11

6 6

14 14

12 12

;

;

.

ji

i j i j
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= =

 
= −  

 

 
= −  

 

 
= −  

 







 (35) 

 

 

 

As is clear from inspection of the matrix, the sum of these three triangular blocks 
does not exhaust the total set of pair-wise comparisons. In addition to this sum, the 
three rectangular blocks, (BML BUL and BUM), which measure the between-group 
inequality, need also to be taken into consideration. BML measures the pair-wise 
differences between the middle and lower groups, BUL, between the upper and 
lower groups, and BUM, between the upper and middle groups. Their definition is as 
follows: 

 

11 5

6 1

14 5

12 1

14 11

12 6

;

;

.

ji

i j i j

ji

i j i j

ji

i j i j

TT
BML
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TT
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TT
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N N

= =

= =

= =

 
= −  

 

 
= −  

 

 
= −  

 







 (36) 

Figure 6
Matrix of pair-wise differences of the max  function. 

1. EXT 2. CLM 3. AND 4. MUR 5. GAL 6. CYL 7. AST 8. RIO 9. VAL 10. ARA 11. CTB 12. CAT 13. BAL 14. MAD

1. EXT

2. CLM

3. AND

4. MUR

5. GAL

6. CYL

7. AST

8. RIO

9. VAL

10. ARA

11. CTB

12. CAT

13. BAL

14. MAD

WL

WU

WM

BML

BUL BUM
0

0

0

0 0

0
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By construction, it must be the case that the sum of these six areas equals the total 
sum of differences below the main diagonal of the matrix. If this total sum of 
differences is called TSD, we have that 

 
14 14

1 1

,
ji

i j i j

TT
TSD

N N= =

 
= −  

 
  (37) 

and 

 TSD WL WM WU BML BUL BUM= + + + + + . (38) 

Although none of the seven elements of (38) are Gini coefficients, it is easy to rewrite 
expression (38) in such terms. Consider the first element, TSD, on the left-hand side 
of the expression. To convert this element into the Gini coefficient of the whole set 

of data, we simply multiply (37) by ( ) 21 n  −   to obtain 

 ( )
14 14

2
1 1

1
1

ji

ii j j

TT
G

n N N


 = =

 
− − =  

 
 , (39) 

which is indeed the Gini coefficient of the whole set of data, as shown by expression 
(34). 

To maintain equality (38), the same adjustment must be made to all the right-hand 
side elements of this expression. Take as an example the first element, WL: 

 ( )
5 5

2
1 1

1
1

ji

i j i j

TT

n N N


 = =

 
− −  

 
  (40) 

If we carry out the same adjustment to the rest of the right-hand side elements, 
equality (38) is maintained. The problem is that expression (40) is not the Gini 
coefficient of the lower triangular block, but we can both maintain the equality (38) 
and introduce the appropriate Gini coefficient, multiplying and dividing (40) by 

( )2
L Ln  , where Ln is the number of SNGs in the block WL, namely 5, and 
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=



. (41) 

Doing this, we obtain: 
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( ) ( )2
5 5

2 2
1 1

1
1 ,
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nTT
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

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  
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  (42) 
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where LG  is the Gini coefficient of the lower group,  

 
( )

( )
5 5

2
1 1

1
1

jL i

L L
i j i j

TT
G

N Nn


 = =

 
= − −  

 
  (43) 

And Lw  is the weight associated to LG , 

 
( )2

2
.

L L

L
n

w
n




=  (44) 

Generalising this procedure to all the right-hand side elements of (38) we obtain: 

 L L M M U U ML ML UL UL UM UMG G w G w G w G w G w G w= + + + + + . (45) 

The decomposition of G is therefore achieved by weighting the Gini coefficients of 
the six blocks of the matrix. Without these weights, the sum of the six block’s Gini 
coefficients would be greater than G: 

 L M U ML UL UMG G G G G G G + + + + + . (46) 

As (Kolm, 1976) points out, the inequality of the whole set of data (G) “evens out” 
the sum of the inequality of the six blocks individually considered. 

Expressions (43) and (44), using as example the block WL, give the form of the three 
triangular elements of (45). To see the form of the three rectangular elements of (45), 
we take as example the block BML, which yields the following results: 
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1
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jML i
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i j i j

TT
G

N Nn


 = =

 
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 
 , (47) 

where 11MLn =  and 
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1 6 1
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1 6 1

i i i
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ML i i i

i i i
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  
. (48) 

Finally, the corresponding weight, MLw , is: 

 
( )2

2

ML ML

ML
n

w
n




= . (49) 

Before illustrating empirically these questions, it is worth pointing out two results 
that neatly come out from this decomposition. First, all weights, that is, 

 ( ) ,...,iw i L UM = ,  
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are independent of the parameter  , as shown by expressions (44) and (49). 

Second, all shares 

 ( ) ,  ... ,
iG

i L UM
G

 = , 

are also independent of the parameter  , as shown by expressions (39), (43) and 

(47), since the multiplicative term ( )1 −  appears in both numerator and 

denominator of the ratio iG G . 

As will be seen in the following section, the parameter  matters. The higher it is, 

the more equal is the distribution of resources among SNGs and the lower the 
overall Gini coefficient and each of the block’s Gini coefficients. But this is perfectly 
compatible with both weights and shares being independent of  . 

 

7. Empirical illustration of the decomposition of G 

This section, using the data shown in Table 1, evaluates empirically the 
decomposition of the Gini coefficient shown in expression (45). 

For 2022 and a value of   equal to zero, Table 6 shows the sum of differences of 

the six blocks of interest below the main diagonal of the matrix of pair-wise 
differences (column 1), the unweighted Gini coefficient of each of the six blocks 
(column 2), the six weights (column 3), the weighted Gini coefficients (column 4) 
and the six shares (column 5). 

As anticipated in the theoretical analysis above, the sum of the six unweighted Gini 
coefficients (0.3126) is greater than the Gini coefficient of the whole set of data 
(0.0984), while the sum of the weighted Gini coefficients equals the Gini coefficient 
of the whole set of data. For year 2022, column 4 shows the decomposition of the 
Gini coefficient in terms of the (weighted) Gini coefficients corresponding to the six 
blocks of interest, and column 5 the respective shares that measure the relative 
importance of each of the six origins of the inequality of the resources per unit of 
need of the Spanish SNGs. Clearly, as columns (4) and (5) show, most of the 
inequality of these data is explained by the between-group inequality: the last three 
weighted Gini coefficients -those associated with the Middle-Lower, Upper-Lower 
and Upper-Middle comparisons- explain 89.88% of total inequality. On the other 
hand, the first three weighted Gini coefficients -those associated with the within-
group inequality of the Lower, Middle and Upper groups- explain only 10.12% of total 
inequality. 
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Of the three between-group comparisons, the Upper-Lower is, as we would expect, 
the one that explains the largest part of the total level of inequality, 36.23%, followed 
by the Upper-Middle comparison, 28.21%, and the Middle-Lower comparison, 
25.44%. Compared with these contributions, those of the within-group inequality 
(the first three of column 5) are significantly smaller. The largest, the inequality 
within the Middle group, only explains 4.64% of total inequality, followed by that of 
the Lower group, 2.92% and that of the Upper group, 2.56%. 

Finally, Table 7 shows how the six weighted Gini coefficients of Table 6 (column 4) 
would change as the parameter   goes from 0 to 1. We know from Table 4 above, 

that the overall Gini coefficient would decrease in a linear fashion from 0.0984 to 0. 
As Table 7 shows, this is also what would happen to the each of the six weighted Gini 
coefficients that measure the within and between-group inequality: they would 
decrease in a linear fashion from the level shown in the first row, for 0 = , to 0, as 

the last row indicates, for 1 = . The weighted Gini coefficients respond negatively 

to the variation of   in exactly the same linear fashion as the overall Gini coefficient 

does, so that, for all values of  , the shares remain the same. 

 

 

8. Two extensions 

Table 6
Gini coefficients, weighted and unweighted, weights and shares for ρ=0. Year 2022.  

Sum of differences Gini Weighted
[(Ti/Ni)-(Tj/Nj)] coefficients Weights Gini coefficients Shares
(€Millions) (Percentages)

(1) (2) (3) (4) (5)
WL: Lower-Lower triangle 1,886 0.0284 0.1011 0.0029 2.92
WM: Middle-Middle triangle 3,002 0.0265 0.1722 0.0046 4.64
WU: Upper-Upper triangle 1,652 0.0435 0.0579 0.0025 2.56
BML: Middle-Lower rectangle 16,448 0.0476 0.5255 0.0250 25.44
BUL: Upper-Lower rectangle 23,420 0.1069 0.3337 0.0357 36.23
BUM: Upper-Middle rectangle 18,235 0.0597 0.4654 0.0278 28.21
Sum of the Gini coefficients 0.3126 0.0984

Table 7
Decomposition of the Gini coefficient into inequality within and between groups for different values of ρ. Year 2022.
Weighted group's Gini coefficients

Lower Middle Upper Middle-Lower Upper-Lower Upper-Middle G
ρ (1) (2) (3) (4) (5) (6) (7)=(1)+ … +(6)
0 0.0029 0.0046 0.0025 0.0250 0.0357 0.0278 0.0984

0.1 0.0026 0.0041 0.0023 0.0225 0.0321 0.0250 0.0886
0.2 0.0023 0.0037 0.0020 0.0200 0.0285 0.0222 0.0787
0.3 0.0020 0.0032 0.0018 0.0175 0.0250 0.0194 0.0689
0.4 0.0017 0.0027 0.0015 0.0150 0.0214 0.0167 0.0590
0.5 0.0014 0.0023 0.0013 0.0125 0.0178 0.0139 0.0492
0.6 0.0011 0.0018 0.0010 0.0100 0.0143 0.0111 0.0394
0.7 0.0009 0.0014 0.0008 0.0075 0.0107 0.0083 0.0295
0.8 0.0006 0.0009 0.0005 0.0050 0.0071 0.0056 0.0197
0.9 0.0003 0.0005 0.0003 0.0025 0.0036 0.0028 0.0098

1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Shares (%) 2.92 4.64 2.56 25.44 36.23 28.21 100
Shares Whithin-Between (%) 10.12 89.88 100

Within groups Between groups
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In this section we deal with the following two questions: First, would result (32), the 
existence of the relationship G A A= − , follow had we used inhabitants, P, instead 

of adjusted inhabitants, N? And second, could result (32) be predicated of all other 
measures of inequality? 

8.1 Inhabitants instead of adjusted inhabitants 

As Table 8 and Figure 7 show, substituting the variable SNGs’ inhabitants, P, for the 
variable SNGs’ adjusted inhabitants, N, changes the value of the Gini coefficient but 
does not affect its linear relationship with the redistributive parameter ρ. The degree 
of inequality is somewhat inferior with inhabitants, P, than with adjusted 
inhabitants, N, but in both cases the linear relationship (32) between the 
corresponding index and the parameter ρ is maintained. Since in both cases the Gini 

coefficient converges to 0 when 1 = , the negative slope per unit of  , dG d , 

with which the Gini coefficient goes to zero is steeper when the variable considered 
is N than when it is P (-0.0984 vs -0.0089), although differences are very small. 

 

 

Table 8
Effect on G of using P instead of N

ρ With N With P
0 0.0984 0.0894

0.1 0.0886 0.0805
0.2 0.0787 0.0715
0.3 0.0689 0.0626
0.4 0.0590 0.0537
0.5 0.0492 0.0447

0.6 0.0394 0.0358

0.7 0.0295 0.0268
0.8 0.0197 0.0179
0.9 0.0098 0.0089

1 0.0000 0.0000
Slope -0.0098 -0.0089

N: Adjusted inhabitants
P: Inhabitants

Gini coefficient
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8.2 Theil index instead of the Gini coefficient 

The linearity of the redistribution model and of the Gini coefficient clearly facilitate 
the obtention of result (32). So, one relevant way to answer the second question is 
by means of a counterexample, computing the Theil’s coefficient 
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Here the mean y  varies with parameter   and, as can be seen in expression (50), 

plays an active role in the measurement of the differences, which rather than being 
for all pair-wise comparisons, are all measured with respect to the mean. In the Gini 
coefficient, on the other hand, the mean plays simply the role of a normalizing 
factor, while the differences are measured with the pair-wise comparisons of all 
observations. 

As Table 9 shows, there is effectively a relationship between the Theil’s index and 
the parameter ρ, but it is non-linear. The answer to the second question is therefore 
negative. Result (32), the linear relationship G A A= − , does not hold for all 

measures of inequality. 

 

Table 9
Relationship between ρ and 
the Theil's index of inquality

ρ Theil's index
0 0.0178

0.1 0.0143
0.2 0.0112
0.3 0.0085
0.4 0.0062
0.5 0.0043
0.6 0.0027
0.7 0.0015
0.8 0.0007
0.9 0.0002

1 0.0000
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It is interesting to note, however, that an approximate relationship with the 
parameter  also emerges in this case. In fact, an exponential function of the type 

 ( )2E FT D e  +=  

 with 0.0178D = ; 2E = − ; and 0.8F =   would give, as Figures 8 and 9 show, a good 
fit, particularly in the range 0 =  to 0.5 = . But this is clearly a more complex and 

approximate relationship than the simple and exact linear relationship G A A= −

of result (32) discussed above. 
 

 

 

 

 

9. Concluding remarks 

This paper shows that: (i) there exists a linear relationship between the Gini 
coefficient of the resources per adjusted inhabitant that the Spanish regional 
system of finance puts at the disposal of each of the SNGs and the parameter   

-0.0020
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0.0080

0.0130

0.0180

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 9
The fit of T=0.0178[e(-2ρ+0,8ρρ)] to the Theil's index of 

inequality

Theil's index T=0.0178[e**(-2ρ+0,8ρρ)]



28 
 

that measures the power of redistribution of the equalizing transfer of the system; 
and (ii) this relationship is of the form: G A A= − , where A  is a constant that 

depends on the sum of all the pair-wise positive differences between the tax 
revenue per adjusted inhabitant of all the SNGs. 

The higher is  , the lower is the Gini coefficient. The stronger the redistribution of 

the equalizing transfer of the SNGs system, the more equal the distribution of 
resources per unit of need and, therefore, the lower the Gini coefficient associated 
with this distribution. 

The parameter  , together with the knowledge of the constant A, determines 

completely the value of G and therefore the inequality of the resources per unit of 
need across the SNGs of the Spanish system. 

This linear relationship between the Gini coefficient and the redistribution 
parameter   is not a general empirical regularity but an implication of the specific 

redistribution model used to generate the data on resources per unit of need. Thus, 
it would be interesting if further work could replicate this exercise with other 
redistribution models. In the meanwhile, the result here obtained should be 
interpreted as a property of the chosen policy prescription rather than as evidence 
about the behaviour of inequality under redistribution in more general settings. 

Another interesting result of this exercise is that, for a given reasoned partition of the 
fourteen SNGs into a Lower, Middle and Upper groups, most of the inequality of 
these data is explained by the between-group inequality. Concretely, the between-
group inequality explains 89.88% of total inequality, while the within-group 
inequality explains only 10.12% of total inequality. We have not been able to find 
comparable results, so we cannot offer a proper assessment of our findings. This is 
clearly an area in which more empirical work is needed.    

As acknowledged above, the results of this article are a direct consequence of the 
specific model of redistribution considered in this paper, and of the crucial and 
unique role that parameter   plays in determining the power of the redistribution 

model. The question arises, could we generalize this conclusion if we had sufficient 
knowledge of the distribution of income of the whole economy? Could we ascertain 
that the actual welfare system can be represented by a simple model such as the 
one outlined in Section 2 above, and that the corresponding, economy wide 
parameter   could be satisfactorily identified?  These, albeit difficult, may not be 

impossible tasks. One way or another, redistribution involves, through the welfare 
and tax systems, a net transfer of resources from rich to poor, and the power of this 
net transfer is what parameter   measures. 
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	A model of income redistribution2
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	 The detailed description of this parametric model of redistribution can be found in Section 4 of Zabalza (2018). For a general analysis of the finance of federal systems and of the Spanish SNGs system see, among others, Bird and Smart (2002), Boadway and Shah (2009), Fernández Leiceaga (2015), Martínez-Vázquez and Searle (2007), Zabalza (2016) and Zabalza and López-Laborda (2011).
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	 Spanish SNGs differ substantially in size. To control for this difference, the variable the inequality of which across the whole set of SNGs we want to measure is not 
	, the resources of the ith SNG, but the resources per adjusted population, 
	, of the ith SNG. The exercise, therefore, is an analysis of the variation of fourteen ratios; it does not deal with the measurement of the income inequality within each of the 14 SNGs considered. Also, as it is shown below in footnote 4, rather than inhabitants, the system considers what is known as “adjusted inhabitants”, which is a measure of the expenditure needs of the SNGs that adjusts their number of inhabitants depending on geo-demographic variables such as the area and dispersion of the region and 
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	To illustrate our findings, we use data on the Spanish system of Subnational Governments, SNGs. Thus, in the description of the model of redistribution that generates our data, instead of referring to abstract observation units, we refer directly to SNGs.
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	In addition to the resources SNGs obtain from the set of taxes assigned to them, they also receive from the central government (the administrator of the system) an equalising transfer, 
	In addition to the resources SNGs obtain from the set of taxes assigned to them, they also receive from the central government (the administrator of the system) an equalising transfer, 
	 , the definition of which is:
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	where 
	where 
	 is the total amount of after-transfer resources that the system puts at the disposal of the 
	 SNGs. The transfer has two components: first, a vertical transfer, 
	, the sum of which over the 
	 SNGs equals 
	; and second, a purely redistributive horizontal transfer, 
	, where, for a given 
	, 
	 measures the power of the redistributive mechanism of the transfer and where the sum of 
	 over the 𝑛  SNGs equals 0. 
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	Our interest in this paper lies not so much on the resources each SNG has, but on its resources per capita. Dividing expression (6) by 
	Our interest in this paper lies not so much on the resources each SNG has, but on its resources per capita. Dividing expression (6) by 
	, and after some simple manipulations, we obtain:
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	The resources per adjusted inhabitant of the ith SNG are its tax revenue per adjusted inhabitant, plus the average vertical transfer (common to all SNGs), plus a third term that measures the redistribution of resources that the model contemplates. This third term can be positive or negative depending on the value of the ratio 
	The resources per adjusted inhabitant of the ith SNG are its tax revenue per adjusted inhabitant, plus the average vertical transfer (common to all SNGs), plus a third term that measures the redistribution of resources that the model contemplates. This third term can be positive or negative depending on the value of the ratio 
	. For SNGs the ratio of which is greater than 1 the third term detracts resources, whereas for SNGs the ratio of which is lower than 1 the third term adds resources. 
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	From expression (7), resources per adjusted inhabitant depend on the parameter 
	From expression (7), resources per adjusted inhabitant depend on the parameter 
	; that is, on the power of the redistributive mechanism.
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	 (that is, if the horizontal transfer is not in operation) resources per adjusted inhabitant of the ith 
	 are:
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	There is no redistribution: beyond the average vertical transfer, resources per adjusted inhabitant of the SNGs depend exclusively on their tax revenue per adjusted inhabitant.
	There is no redistribution: beyond the average vertical transfer, resources per adjusted inhabitant of the SNGs depend exclusively on their tax revenue per adjusted inhabitant.
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	 (the horizontal transfer becomes operative), using the definitions of 
	 and 
	  given in (2), we find that,
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	Finally, if 
	Finally, if 
	the horizontal transfer is operating at its maximum potency and
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	Resources per adjusted inhabitant for all SNGs are the same and equal to the mean 
	Resources per adjusted inhabitant for all SNGs are the same and equal to the mean 
	. Full equality is obtained. 
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	Figure 1, which measures 
	Figure 1, which measures 
	 in the vertical axis and 
	in the horizontal axis, shows graphically the three linear functions: (8), (9) and (10).
	 
	InlineShape
	InlineShape

	If 
	If 
	, the vertical intercept is 
	, the per adjusted inhabitant average of the vertical transfer, and the slope of the variable 
	 is 1. SNGs share equally the vertical transfer, but beyond that they keep all their tax revenue. If 
	, the vertical intercept rises to 
	 and the slope falls to 
	. The function rotates clockwise around point 
	 and, because of the redistributive effect of the horizontal transfer, the increase in resources per adjusted inhabitant is less than the increase in tax revenue per adjusted inhabitant. And if 
	, the vertical intersect increases further to 
	 and the slope falls to 0. Redistribution reaches its maximum level and the ratio of resources per adjusted inhabitant, 
	, is the same for all SNGs irrespective of their tax revenue per adjusted inhabitant.
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	Figure
	It is useful to look also at the three situations depicted en Figure 1 in terms of the difference between the resources that the ith SNG obtains from the system and those that come from its own taxes.
	It is useful to look also at the three situations depicted en Figure 1 in terms of the difference between the resources that the ith SNG obtains from the system and those that come from its own taxes.
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	There is no redistribution and, with respect to its own taxes per adjusted inhabitant, all SNGs receive the same vertical transfer, 
	There is no redistribution and, with respect to its own taxes per adjusted inhabitant, all SNGs receive the same vertical transfer, 
	.
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	If 
	, the difference is equal to the average vertical transfer plus a new term that depends on the product of 
	 and the gap between the SNG own tax revenue per adjusted inhabitant and the mean tax revenue per adjusted inhabitant.
	 
	InlineShape

	 
	 
	.
	 
	(12)
	 
	InlineShape

	Thus, SNGs for which 
	Thus, SNGs for which 
	, on top of the vertical transfer, obtain additional finance, and vice-versa for SNGs for which 
	.
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	Redistribution operates at full intensity so that, for all SNGs, the difference between their resources per adjusted inhabitant and their tax revenue per adjusted inhabitant equals the gap between mean resources per adjusted inhabitant for the whole system and the SNG tax revenue per adjusted inhabitant. That is,
	Redistribution operates at full intensity so that, for all SNGs, the difference between their resources per adjusted inhabitant and their tax revenue per adjusted inhabitant equals the gap between mean resources per adjusted inhabitant for the whole system and the SNG tax revenue per adjusted inhabitant. That is,
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	Table 1, using data from the Spanish system of SNGs for year 20224, shows in columns (1) and (2) the values of, respectively, tax revenue 
	Table 1, using data from the Spanish system of SNGs for year 20224, shows in columns (1) and (2) the values of, respectively, tax revenue 
	 and the value of the adjusted inhabitants variable (
	)5, and in columns (3), (4) and (5) the values of 
	 for the three values of 
	 used in Figure 1. That is, the resources that would be obtained with the model of redistribution here considered. In going from
	 to
	, the four SNGs for which 
	 (MAD, BAL, CAT and CTB) successively decrease their resources per unit of need until they reach the average value for 
	, while the ten SNGs for which 
	 (ARA, VAL, RIO, AST, CYL, GAL, MUR, AND, CLM and EXT) do the opposite.6
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	4
	 Actual data from the Spanish SNG system (year 2022) are used in the assessed tax revenue of each SNG, 
	; in their adjusted inhabitants, 
	; and in the total amount of resources for the fourteen SNGs, 
	. The rest of the data are generated by the model of redistribution.
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	5
	5
	 The “adjusted inhabitants” variable (N) depends on seven indicators of need, each of which contributes with a given percentage to the total value of this index. “Population” contributes 30% of the index; “Area”, 1.8%; “Dispersion”, 0.6%; “Insularity”, 0.6%; “Equivalent Protected Population” (EPP), 38%; “Population older than 65 years”, 8.5%; and “Population younger than 17 years”, 20.5%. Each year, the sum of these contributions yields a relative distribution of needs across the SNGs of the system, which a
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	 The short names of the SNGs signify: MAD, Madrid; BAL, Balearic Islands; CAT, Catalonia; CTB, Cantabria; ARA, Aragon; VAL, Valencia; RIO, La Rioja; AST, Asturias; CYL, Castille and Leon; GAL, Galicia; MUR, Murcia; AND, Andalucia; CLM, Castille-La Mancha; and EXT, Extremadura. In this exercise we ignore the SNGs Basque Country, Navarre and Canary Islands because of their different finance system. 
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	And Table 2 shows: in column (1) the tax revenue per adjusted inhabitnat for all SNGs; in columns (2), (4) and (6) the resources per adjusted inhabitant for all SNGs for, respectively, 
	And Table 2 shows: in column (1) the tax revenue per adjusted inhabitnat for all SNGs; in columns (2), (4) and (6) the resources per adjusted inhabitant for all SNGs for, respectively, 
	, 
	 and 
	; and in columns (3), (5) and (7) the diference between the ratio of resources per adjusted inhabitant, 
	 and tax revenue per unit of need, 
	, for, respectively, 
	, 
	 and the total amount of resources, 
	, the data taken from the actual Spanish SNG system, are independent of 
	. The resources of each SNG, 
	, and the resources per unit of need of each SNG, 
	 depend on parameter 
	7.
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	 Recall that 
	 is not actual tax revenue but assessed tax revenue. That is, the tax revenue that the central government estimates each SNG should obtain from ceded taxes under conditions of compliance equal to those of the central government when the tax base is shared between the two levels of government, or under conditions of compliance commonly established for all SNGs for those tax figures the tax base of which is totally assigned to the SNGs. The total amount of resources that the system provides to all SNGs, R, is
	, are determined arithmetically according to the shares of the geo-demographic variables detailed in footnote 5, also by the central government.
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	Figure
	For 
	For 
	, since the horizontal transfer is not in operation, the only effect on resources per unit of need is that produced by the vertical transfer, common to all SNGs and financed by the Central Government. This, as can be seen in column (3), amounts to 226 euros per unit of need, which adds up to a total of € Million 9,547 for all SNGs, equivalent to € 3,351 per unit of need. For 
	, while the total cost of the transfer is maintained at € 3,351 per unit of need, the distribution across SNGs varies significantly. Resources per unit of need decrease in Cantabria, Cataluña, Baleares and Madrid (in fact, in CAT, BAL and MAD, the new resources per unit of need fall below their respective tax revenue per unit of need) and in all the other SNGs increase. The same pattern is repeated for 
	, but with more resources being redistributed. 
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	Overall, in going from 
	Overall, in going from 
	 to 
	, the effect of the horizontal transfer on the total resources of CAT, BAL and MAD is € Million -13,403, and on the rest of the SNGs € Million 13,403. In total, the horizontal transfer redistributes 9.47% of the total amount of SNGs resources; that is, of € Million 141,4738. Also, as can be seen from columns (2), (4) and (6), the rank of SNGs regarding their resources per unit of need 
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	is maintained as the system goes from 
	is maintained as the system goes from 
	 to 
	. Reordering cannot occur even when 
	.
	 

	Figure 2 shows graphically the extent of this redistribution for the movement from 
	Figure 2 shows graphically the extent of this redistribution for the movement from 
	 to 
	, and compares this effect with the tax revenue per unit of need of the fourteen SNGs considered in this exercise. The vertical difference 
	 is 226 € per unit of need for all SNGs, but with 
	 greater than zero, CAT, BAL and MAD, despite the positive vertical transfer, end up with resources per unit of need below their own tax revenue per unit of need, so the effect of the redistribution on these SNGs is negative. In other words, for these three SNGs, the two blue lines for 
	 and 
	 lie below the red line.
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	Finally, Figure 3 presents the Lorenz curve of resources, R, and adjusted inhabitants, N. For 
	Finally, Figure 3 presents the Lorenz curve of resources, R, and adjusted inhabitants, N. For 
	 the fourteen SNGs distribute themselves along the equality diagonal of the figure. Resources per unit of need are the same for all SNGs, namely 3,351 euros. The cumulative distribution of 
	 is the same as the cumulative distribution of 
	. But for 
	, for each value of the cumulative distribution of 
	, the value of the cumulative distribution of 
	 falls. This happens to all SNGs. But in addition, the extent of the total fall between 
	 and 
	 differs across SNGs. While for EXT is practically inexistent and for CLM very small, it goes on increasing monotonically until CTB, to then narrow down rapidly for CAT and BAL, and even more rapidly for MAD. These differences between the cumulative distributions of 
	 are the cause of the convexity of the curves for 
	 and 
	, and of the underlying inequality of resources per adjusted inhabitant among SNGs. The lower is 
	, the 
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	further down the Lorenz curve goes and the more unequal the distribution of resources per adjusted inhabitant is.
	further down the Lorenz curve goes and the more unequal the distribution of resources per adjusted inhabitant is.
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	As is well known, if in Figure 3 we call the area between the equality line and the corresponding Lorenz curve, B, and the area between the Lorenz curve and the bottom and right-hand side axis, C, the Gini coefficient is 
	As is well known, if in Figure 3 we call the area between the equality line and the corresponding Lorenz curve, B, and the area between the Lorenz curve and the bottom and right-hand side axis, C, the Gini coefficient is 
	. It is therefore obvious that as 
	 decreases from 1 to 0, the Gini coefficient increases from 0 to the value determined by a distribution where, apart from the common vertical transfer, the resources of each SNG are equal to its own tax revenue, as expression (8) makes clear.
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	Parameter ρ: The power of redistribution of the model
	 



	As Tables 1 and 2, and Figures 2 and 3 show, the parameter 
	As Tables 1 and 2, and Figures 2 and 3 show, the parameter 
	 plays a key role in the redistribution model. In this section we define this parameter and identify the way in which it determines the power of the redistribution model.
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	From expression (9), it follows that
	From expression (9), it follows that
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	from which it is easy to define parameter 
	from which it is easy to define parameter 
	 as
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	Parameter 
	Parameter 
	 is the proportionate size of the gap between 
	 and 
	. The larger this gap, the larger is 
	.
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	This can be seen more explicitly holding constant the distribution of tax revenue across SNGs and seeing what happens to the distribution of resources per unit of adjusted population as parameter 
	This can be seen more explicitly holding constant the distribution of tax revenue across SNGs and seeing what happens to the distribution of resources per unit of adjusted population as parameter 
	 increases.
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	Table 3 presents this exercise. In the first panel of the table, consider the implications of assuming 
	Table 3 presents this exercise. In the first panel of the table, consider the implications of assuming 
	. Then, for all SNGs, the absolute value of the difference respect to its mean of resources per adjusted inhabitant equals the absolute value of the difference, also respect to its mean, of tax revenue per adjusted inhabitant. 
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	There is no redistribution and by expression (15), and consistently with our assumption, it checks that, for all SGNs,
	There is no redistribution and by expression (15), and consistently with our assumption, it checks that, for all SGNs,
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	Assuming 
	Assuming 
	, in the second panel of Table 3, it turns out that, for all SNGs,
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	Since the tax revenue term is the same as in expression (15), it follows that in expression (17), compared with expression (15), there is a movement of concentration of the resources per adjusted inhabitant. There is a certain amount of redistribution and, by expression (15), as it should be, consistently with the underlying assumption, for all SNGs,
	Since the tax revenue term is the same as in expression (15), it follows that in expression (17), compared with expression (15), there is a movement of concentration of the resources per adjusted inhabitant. There is a certain amount of redistribution and, by expression (15), as it should be, consistently with the underlying assumption, for all SNGs,
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	Finally, assuming 
	Finally, assuming 
	, third panel of the table, we obtain
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	Redistribution is at its maximum level and
	Redistribution is at its maximum level and
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	Resources per adjusted inhabitant equal the mean 
	Resources per adjusted inhabitant equal the mean 
	 for all SNGs. There is no inequality.
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	Linear relationship between the Gini coefficient and the parameter ρ
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	The Gini coefficient
	 






	The normative parameter 
	The normative parameter 
	 indicates the power of the redistributive model here considered and, to that extent, generates a variety of distributions of income that differ in their degree of equality. As just considered, Figure 3 shows that the higher is 
	, the more equal the distribution becomes. This may not make 
	 an objective measure of equality, but the fact that, as indicated in the introduction to this article, there exists a linear relationship between the parameter 
	 and the Gini coefficient of the form
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	indicates that, up to a linear transformation, 
	indicates that, up to a linear transformation, 
	 contains all the information given by G.
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	In the following section we show how the relationship (19) arises and identify the parameter 
	In the following section we show how the relationship (19) arises and identify the parameter 
	 in terms of recognisable economic terms.
	 

	Of the many ways in which the Gini coefficient, 
	Of the many ways in which the Gini coefficient, 
	, can be expressed, we take the one that measures the inequality between a set of 
	 numbers 
	 by adding up the absolute differences between every pair of numbers and dividing this sum by 
	times the average of the whole set of numbers, 
	. That is:
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	Following Pyatt (1976), arithmetically, it must be the case that
	Following Pyatt (1976), arithmetically, it must be the case that
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	therefore, using (22), it follows that:
	therefore, using (22), it follows that:
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	Expression (23) is the one with which we develop our analysis below. For our purposes, expression (23) is preferable to expression (20) for the greater algebraic manipulability that the max function offers respect the absolute function.
	Expression (23) is the one with which we develop our analysis below. For our purposes, expression (23) is preferable to expression (20) for the greater algebraic manipulability that the max function offers respect the absolute function.
	 

	4.2 Identification of the linear relationship between G and ρ
	4.2 Identification of the linear relationship between G and ρ
	 

	To evaluate expression (23) above, we note that, as far as our problem is concerned, the difference 
	To evaluate expression (23) above, we note that, as far as our problem is concerned, the difference 
	 is the difference of resources per adjusted inhabitant of respectively 
	 and 
	. That is,   
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	Reordering expression (9) above, it follows that
	Reordering expression (9) above, it follows that
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	Therefore, the difference  
	Therefore, the difference  
	is:
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	where the two parenthesis on the right-hand side of expression (26), which depending on the pair compared can be positive or negative, are equal.
	where the two parenthesis on the right-hand side of expression (26), which depending on the pair compared can be positive or negative, are equal.
	 

	Now, using expression (23), we have that the Gini coefficient expressed according to the definition of the differences between resources per adjusted inhabitant given by (26), is:
	Now, using expression (23), we have that the Gini coefficient expressed according to the definition of the differences between resources per adjusted inhabitant given by (26), is:
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	where the average 
	where the average 
	 is now defined as:
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	Solving for the numerator of (27), the Gini coefficient can also be expressed as a linear combination of parameter 
	Solving for the numerator of (27), the Gini coefficient can also be expressed as a linear combination of parameter 
	 as shown by the following expression:
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	From the max function and given that 
	From the max function and given that 
	 and for 
	, it must be the case that the right-hand side of (29) is a positive number. Alternatively, writing this right-hand side in a more compact form, it must also be the case that the following inequality follows:
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	Since 
	Since 
	, we conclude that the ratio in the left hand-side of (30), which we call 
	, must also be positive:
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	We have thus shown that the Gini coefficient of the set of 
	We have thus shown that the Gini coefficient of the set of 
	 numbers
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	defined by expressions (24) and (25), 
	defined by expressions (24) and (25), 
	, can effectively be calculated by the following expression:
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	 is a positive number defined as:
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	The G coefficient is obtained, in this case, from the sum of exclusively the differences of tax revenue per adjusted inhabitant for all pairs of observations, as indicated by expression (33), and from the parameter 
	The G coefficient is obtained, in this case, from the sum of exclusively the differences of tax revenue per adjusted inhabitant for all pairs of observations, as indicated by expression (33), and from the parameter 
	 as indicated by expression (32). Notice that the per adjusted inhabitant average of the vertical transfer, 
	, being common to all SNGs, cancels out in all pair-wise comparisons.
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	Another interesting result is that expression (32) -and therefore, also expression (29)- neatly disaggregates the overall Gini coefficient in two parts: First, the Gini coefficient that measures the initial level of inequality due to differences in income per adjusted inhabitant -and therefore, tax revenue per adjusted inhabitant-, which is measured by the number 
	Another interesting result is that expression (32) -and therefore, also expression (29)- neatly disaggregates the overall Gini coefficient in two parts: First, the Gini coefficient that measures the initial level of inequality due to differences in income per adjusted inhabitant -and therefore, tax revenue per adjusted inhabitant-, which is measured by the number 
	. And second, the reduction of this initial inequality due to the redistribution mechanism, which is measured by 
	. For a given 
	, the greater the parameter 
	 is, the greater the reduction of the initial level of inequality will be.
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	A final point that must be emphasized concerns the two necessary conditions for result (32) to hold: First, that the rank of SNGs regarding their resources per adjusted inhabitant is invariable with respect to parameter 
	A final point that must be emphasized concerns the two necessary conditions for result (32) to hold: First, that the rank of SNGs regarding their resources per adjusted inhabitant is invariable with respect to parameter 
	. That is, that reordering of SNGs cannot happen. And second, that the mean 
	 is constant for all values of 
	 Both are reasonable conditions which are fulfilled by the model of redistribution analysed in Section 2. The first condition comes naturally from all proportional redistribution schemes such as the one described above. And the second is also appropriate in a conceptual redistributive experiment in which total resources, R, and total adjusted inhabitants, N, are given and what varies is the intensity of the mechanism that redistributes these fixed resources between the different SNGs: the value of 
	.
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	Empirical illustration of the G = A - Aρ relationship
	 



	Table 4 presents the Gini coefficients calculated with expression (29) for the data on tax revenue and resources, both per adjusted inhabitant, of Table 1, but not only for the three values of ρ shown in that table, but for the eleven values (0; 0.1; 0.2; … ; 1) of the range 
	Table 4 presents the Gini coefficients calculated with expression (29) for the data on tax revenue and resources, both per adjusted inhabitant, of Table 1, but not only for the three values of ρ shown in that table, but for the eleven values (0; 0.1; 0.2; … ; 1) of the range 
	.
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	Figure
	Figure 4 shows graphically the data shown in Tables 1 and 2. There exists a linear relationship between G and 
	Figure 4 shows graphically the data shown in Tables 1 and 2. There exists a linear relationship between G and 
	, which for this illustration is:
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	Figure
	Also, we evaluate parameter 
	Also, we evaluate parameter 
	 using expression (33), where the numerator and denominator of the ratio are measured in euros per adjusted inhabitant, which turns out to be 0.0984:
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	The eleven Gini coefficients of Table 4, as Figure 4 shows, define graphically, as expected, the downward linear relationship (32) between G and 
	The eleven Gini coefficients of Table 4, as Figure 4 shows, define graphically, as expected, the downward linear relationship (32) between G and 
	; and parameter 
	 equals 0.0984, which is precisely the Gini coefficient for
	in Table 4, as it should be according to expression (32).
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	Decomposition of the Gini coefficient
	 



	The Gini coefficient has not proved to be an easy measure of inequality to decompose9. We show in this section that using expressions (32) and (33) a decomposition of the overall Gini coefficient is perfectly possible, particularly when the groups in question do not present, as is our case, overlaps in the variable the inequality of which is to be measured.
	The Gini coefficient has not proved to be an easy measure of inequality to decompose9. We show in this section that using expressions (32) and (33) a decomposition of the overall Gini coefficient is perfectly possible, particularly when the groups in question do not present, as is our case, overlaps in the variable the inequality of which is to be measured.
	 

	9 See, among others, Pyatt (1976), Cowell (1980), Shorrocks (1980) and Ebert (1988).
	9 See, among others, Pyatt (1976), Cowell (1980), Shorrocks (1980) and Ebert (1988).
	9 See, among others, Pyatt (1976), Cowell (1980), Shorrocks (1980) and Ebert (1988).
	 


	Let us order in Table 5, for year 2022, the SNGs according to their ratio 
	Let us order in Table 5, for year 2022, the SNGs according to their ratio 
	 and decompose the fourteen SNGs into three groups that we call: Lower (L), Middle (M) and Upper (U). The three groups are defined by the relative proximity of its members in terms of the ratio 
	. Figure 5 depicts the position of the fourteen SNGs.
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	We know from (32) and (33) that
	We know from (32) and (33) that
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	To identify the contribution of the three groups to the inequality measured by the Gini coefficient, 
	To identify the contribution of the three groups to the inequality measured by the Gini coefficient, 
	, we must decompose the double sum of expression (34) into the different channels through which these groups exert their effect. And to that end, it is useful to inspect the whole matrix of pair-wise differences of tax revenue per unit of need between the fourteen SNGs, which is shown in Figure 6.
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	Given the ordering of the SNGs by their ratio 
	Given the ordering of the SNGs by their ratio 
	, values above the diagonal of the matrix are all zero and values below the diagonal are all positive. Therefore, in the decomposition of (34), what matters are the six elements identified with letters in the matrix.
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	Let us first consider the three triangular blocks (WL, WM and WU), which measure the pair-wise difference of tax revenue per unit of need within, respectively, the five SNGs of the lower group, the six SNGs of the middle group and the three SNGs of the upper group. That is, these three blocks measure the pair-wise differences associated with the within-group inequality of the system and their definition is:
	Let us first consider the three triangular blocks (WL, WM and WU), which measure the pair-wise difference of tax revenue per unit of need within, respectively, the five SNGs of the lower group, the six SNGs of the middle group and the three SNGs of the upper group. That is, these three blocks measure the pair-wise differences associated with the within-group inequality of the system and their definition is:
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	Figure
	As is clear from inspection of the matrix, the sum of these three triangular blocks does not exhaust the total set of pair-wise comparisons. In addition to this sum, the three rectangular blocks, (BML BUL and BUM), which measure the between-group inequality, need also to be taken into consideration. BML measures the pair-wise differences between the middle and lower groups, BUL, between the upper and lower groups, and BUM, between the upper and middle groups. Their definition is as follows:
	As is clear from inspection of the matrix, the sum of these three triangular blocks does not exhaust the total set of pair-wise comparisons. In addition to this sum, the three rectangular blocks, (BML BUL and BUM), which measure the between-group inequality, need also to be taken into consideration. BML measures the pair-wise differences between the middle and lower groups, BUL, between the upper and lower groups, and BUM, between the upper and middle groups. Their definition is as follows:
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	By construction, it must be the case that the sum of these six areas equals the total sum of differences below the main diagonal of the matrix. If this total sum of differences is called TSD, we have that
	By construction, it must be the case that the sum of these six areas equals the total sum of differences below the main diagonal of the matrix. If this total sum of differences is called TSD, we have that
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	Although none of the seven elements of (38) are Gini coefficients, it is easy to rewrite expression (38) in such terms. Consider the first element, TSD, on the left-hand side of the expression. To convert this element into the Gini coefficient of the whole set of data, we simply multiply (37) by 
	Although none of the seven elements of (38) are Gini coefficients, it is easy to rewrite expression (38) in such terms. Consider the first element, TSD, on the left-hand side of the expression. To convert this element into the Gini coefficient of the whole set of data, we simply multiply (37) by 
	 to obtain
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	which is indeed the Gini coefficient of the whole set of data, as shown by expression (34).
	which is indeed the Gini coefficient of the whole set of data, as shown by expression (34).
	 

	To maintain equality (38), the same adjustment must be made to all the right-hand side elements of this expression. Take as an example the first element, WL:
	To maintain equality (38), the same adjustment must be made to all the right-hand side elements of this expression. Take as an example the first element, WL:
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	If we carry out the same adjustment to the rest of the right-hand side elements, equality (38) is maintained. The problem is that expression (40) is not the Gini coefficient of the lower triangular block, but we can both maintain the equality (38) and introduce the appropriate Gini coefficient, multiplying and dividing (40) by 
	If we carry out the same adjustment to the rest of the right-hand side elements, equality (38) is maintained. The problem is that expression (40) is not the Gini coefficient of the lower triangular block, but we can both maintain the equality (38) and introduce the appropriate Gini coefficient, multiplying and dividing (40) by 
	, where 
	is the number of SNGs in the block WL, namely 5, and
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	Doing this, we obtain:
	Doing this, we obtain:
	 

	 
	 
	(42)
	 
	InlineShape

	where 
	where 
	 is the Gini coefficient of the lower group, 
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	And 
	And 
	 is the weight associated to 
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	Generalising this procedure to all the right-hand side elements of (38) we obtain:
	Generalising this procedure to all the right-hand side elements of (38) we obtain:
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	The decomposition of G is therefore achieved by weighting the Gini coefficients of the six blocks of the matrix. Without these weights, the sum of the six block’s Gini coefficients would be greater than G:
	The decomposition of G is therefore achieved by weighting the Gini coefficients of the six blocks of the matrix. Without these weights, the sum of the six block’s Gini coefficients would be greater than G:
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	As (Kolm, 1976) points out, the inequality of the whole set of data (G) “evens out” the sum of the inequality of the six blocks individually considered.
	As (Kolm, 1976) points out, the inequality of the whole set of data (G) “evens out” the sum of the inequality of the six blocks individually considered.
	 

	Expressions (43) and (44), using as example the block WL, give the form of the three triangular elements of (45). To see the form of the three rectangular elements of (45), we take as example the block BML, which yields the following results:
	Expressions (43) and (44), using as example the block WL, give the form of the three triangular elements of (45). To see the form of the three rectangular elements of (45), we take as example the block BML, which yields the following results:
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	Finally, the corresponding weight, 
	Finally, the corresponding weight, 
	, is:
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	Before illustrating empirically these questions, it is worth pointing out two results that neatly come out from this decomposition. First, all weights, that is,
	Before illustrating empirically these questions, it is worth pointing out two results that neatly come out from this decomposition. First, all weights, that is,
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	are independent of the parameter
	are independent of the parameter
	, as shown by expressions (44) and (49). Second, all shares
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	are also independent of the parameter
	are also independent of the parameter
	, as shown by expressions (39), (43) and (47), since the multiplicative term 
	 appears in both numerator and denominator of the ratio 
	.
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	As will be seen in the following section, the parameter 
	As will be seen in the following section, the parameter 
	matters. The higher it is, the more equal is the distribution of resources among SNGs and the lower the overall Gini coefficient and each of the block’s Gini coefficients. But this is perfectly compatible with both weights and shares being independent of 
	.
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	Empirical illustration of the decomposition of G
	 



	This section, using the data shown in Table 1, evaluates empirically the decomposition of the Gini coefficient shown in expression (45).
	This section, using the data shown in Table 1, evaluates empirically the decomposition of the Gini coefficient shown in expression (45).
	 

	For 2022 and a value of 
	For 2022 and a value of 
	 equal to zero, Table 6 shows the sum of differences of the six blocks of interest below the main diagonal of the matrix of pair-wise differences (column 1), the unweighted Gini coefficient of each of the six blocks (column 2), the six weights (column 3), the weighted Gini coefficients (column 4) and the six shares (column 5).
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	As anticipated in the theoretical analysis above, the sum of the six unweighted Gini coefficients (0.3126) is greater than the Gini coefficient of the whole set of data (0.0984), while the sum of the weighted Gini coefficients equals the Gini coefficient of the whole set of data. For year 2022, column 4 shows the decomposition of the Gini coefficient in terms of the (weighted) Gini coefficients corresponding to the six blocks of interest, and column 5 the respective shares that measure the relative importan
	As anticipated in the theoretical analysis above, the sum of the six unweighted Gini coefficients (0.3126) is greater than the Gini coefficient of the whole set of data (0.0984), while the sum of the weighted Gini coefficients equals the Gini coefficient of the whole set of data. For year 2022, column 4 shows the decomposition of the Gini coefficient in terms of the (weighted) Gini coefficients corresponding to the six blocks of interest, and column 5 the respective shares that measure the relative importan
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	Of the three between-group comparisons, the Upper-Lower is, as we would expect, the one that explains the largest part of the total level of inequality, 36.23%, followed by the Upper-Middle comparison, 28.21%, and the Middle-Lower comparison, 25.44%. Compared with these contributions, those of the within-group inequality (the first three of column 5) are significantly smaller. The largest, the inequality within the Middle group, only explains 4.64% of total inequality, followed by that of the Lower group, 2
	Of the three between-group comparisons, the Upper-Lower is, as we would expect, the one that explains the largest part of the total level of inequality, 36.23%, followed by the Upper-Middle comparison, 28.21%, and the Middle-Lower comparison, 25.44%. Compared with these contributions, those of the within-group inequality (the first three of column 5) are significantly smaller. The largest, the inequality within the Middle group, only explains 4.64% of total inequality, followed by that of the Lower group, 2
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	Finally, Table 7 shows how the six weighted Gini coefficients of Table 6 (column 4) would change as the parameter 
	 goes from 0 to 1. We know from Table 4 above, that the overall Gini coefficient would decrease in a linear fashion from 0.0984 to 0. As Table 7 shows, this is also what would happen to the each of the six weighted Gini coefficients that measure the within and between-group inequality: they would decrease in a linear fashion from the level shown in the first row, for
	, to 0, as the last row indicates, for 
	. The weighted Gini coefficients respond negatively to the variation of 
	 in exactly the same linear fashion as the overall Gini coefficient does, so that, for all values of 
	, the shares remain the same.
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	, the negative slope per unit of 
	, 
	, with which the Gini coefficient goes to zero is steeper when the variable considered is N than when it is P (-0.0984 vs -0.0089), although differences are very small.
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	Here the mean 
	Here the mean 
	 varies with parameter 
	 and, as can be seen in expression (50), plays an active role in the measurement of the differences, which rather than being for all pair-wise comparisons, are all measured with respect to the mean. In the Gini coefficient, on the other hand, the mean plays simply the role of a normalizing factor, while the differences are measured with the pair-wise comparisons of all observations.
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	As Table 9 shows, there is effectively a relationship between the Theil’s index and the parameter ρ, but it is non-linear. The answer to the second question is therefore negative. Result (32), the linear relationship 
	, does not hold for all measures of inequality.
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	  would give, as Figures 8 and 9 show, a good fit, particularly in the range 
	 to 
	. But this is clearly a more complex and approximate relationship than the simple and exact linear relationship 
	of result (32) discussed above.
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	, where 
	 is a constant that depends on the sum of all the pair-wise positive differences between the tax revenue per adjusted inhabitant of all the SNGs.
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	The higher is 
	The higher is 
	, the lower is the Gini coefficient. The stronger the redistribution of the equalizing transfer of the SNGs system, the more equal the distribution of resources per unit of need and, therefore, the lower the Gini coefficient associated with this distribution.
	 
	InlineShape

	The parameter 
	The parameter 
	, together with the knowledge of the constant A, determines completely the value of G and therefore the inequality of the resources per unit of need across the SNGs of the Spanish system.
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	This linear relationship between the Gini coefficient and the redistribution parameter 
	This linear relationship between the Gini coefficient and the redistribution parameter 
	 is not a general empirical regularity but an implication of the specific redistribution model used to generate the data on resources per unit of need. Thus, it would be interesting if further work could replicate this exercise with other redistribution models. In the meanwhile, the result here obtained should be interpreted as a property of the chosen policy prescription rather than as evidence about the behaviour of inequality under redistribution in more general settings.
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	As acknowledged above, the results of this article are a direct consequence of the specific model of redistribution considered in this paper, and of the crucial and unique role that parameter 
	As acknowledged above, the results of this article are a direct consequence of the specific model of redistribution considered in this paper, and of the crucial and unique role that parameter 
	 plays in determining the power of the redistribution model. The question arises, could we generalize this conclusion if we had sufficient knowledge of the distribution of income of the whole economy? Could we ascertain that the actual welfare system can be represented by a simple model such as the one outlined in Section 2 above, and that the corresponding, economy wide parameter 
	 could be satisfactorily identified?  These, albeit difficult, may not be impossible tasks. One way or another, redistribution involves, through the welfare and tax systems, a net transfer of resources from rich to poor, and the power of this net transfer is what parameter 
	 measures.
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